EPS 8" Grade Mathematics Instructional Sequence

2010-11

Unit Start 8t Grade Core Content Standard
date:

Thinking with Math Sept. 9 8.1 Linear functions and equations.

Models Solving linear equations and working with linear functions in multiple
representations.

Samples and Oct. 5 8.3 Summary and analysis of data sets: Using knowledge of liner

Populations functions, various data plots, variability, and central tendency
measures to analyze data

Growing, Growing, Nov. 18 8.4 Additfional content: scientific notation and exponent properties.

Growing

Say It With Symbols | Jan.3 8.1 Linear functions and equations: modeling applied problems
with symbolic expressions and equations.

Shapes of Algebra Feb. 2 8.1 Linear functions and equations: modeling applied problems with
symbolic expressions and equations.

Looking For Feb. 25 8.2 Properties of geometric figures: specifically with triangles and the

Pvthagoras Pythagorean Theorem, including squares and square roots of

Y g numbers.

Kaleidoscopes, April 15 8.2 Properties of geometric figures: angle attributes of 2-D figures,

Hubcaps, and geometric fransformations in the plane

Mirrors

What Do You May 26 8.3 Summary and analysis of data sefs: determining probabilities,

Expect

sample spaces, using various counting techniques.
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Contents in Thinking with Mathematical Models

> Additional Practice, Inv 2 p. 10-15

» Skill: Using Linear Models, Inv 2 p. 16-17

> Skill: Writing Equations of Lines, Inv 2 p. 18-19
> Skill: Skill: Linear Relationships, Inv. 1 p. 86

> Additional Practice, Inv. 4 p. 102, 104

> Skill: Writing Equations, p. 113



Name Date Class

Additional Practice

......................................................................................................................

Thinking With Mathematical Models

For Exercises 1-4, write an equation and sketch a graph for the line that meets
the given conditions.

1. A line with slope 3.5 and y-intercept (0, 4)

2. Aline with slope % that passes through the point (-2, 0)

3. A line that passes through the points (2,7) and (6, 15)

4. A line that passes through the points (2,1) and (6,9)

10
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Name Date Class

Additional Practice (continued)

......................................................................................................................

Thinking With Mathematical Models

For Exercises 5-8, write an equation for the line shown. Identify the slope and
y-intercept.

-/ ‘ — (4,5
,»(/0’4
| [@,3
/
X <0 X
Of ! . Y
7. / X 8 y
0 (3,0 3
2, 2)
X

9. For parts (a)—(c), write an equation and sketch a graph for the line that meets
the given conditions. Use one set of axes for all three graphs.

a. A line with slope % and y-intercept (0, 0)

b. A line with slope % that passes through
the point (6, 6)

¢. A line with slope % that passes through
the point (6,2)

d. What do you notice about the equations and graphs of the three lines?

1



Name Date Class

Additional Practice (continued)

......................................................................................................................

Thinking With Mathematical Models

10. For parts (a)—(c), write an equation and sketch a graph for a line that meets
the given conditions. Use one set of axes for all three graphs.

a. A line with slope 3 and y-intercept (0, 5)

b. A line parallel to the line drawn in part (a)
with a y-intercept greater than 5

€. A line parallel to the line drawn in parts (a)
and (b) with a y-intercept less than 5

d. What do you notice about the equations and graphs of the three lines?

For Exercises 11-12, write an equation and sketch a graph for the line that meets
the given conditions.

11. A line with slope —155 that passes through the point (—2.5,4.5)

12. A line that passes through the points (2, —9) and (-2, 3)

12
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Name Date Class

Additional Practice (continued)

...........................................................................................................

...........

Thinking With Mathematical Models

For Exercises 13-14, write an equation for the line shown. Identify the slope and
y-intercept.

13. o Ay X 14. Ly

~
/

YN ol S
(-2,-11/ 6 }\\

15. For parts (a)—(c), write an equation and sketch a graph for the line that meets
the given conditions. Use one set of axes for all three graphs.

a. A line with slope —2 and y-intercept (0, 0)

b. A line with slope —2 that passes through
the point (3, —3)

¢. A line with slope —2 that passes through
the point (3, —9)

d. What do you notice about the equations and graphs of the three lines?

13



Name Date Class

Additional Practice (continued)

.....

16.

17.

14

.................................................................................................................

Thinking With Mathematical Models

For parts (a)—(c), write an equation and sketch a graph for a line that meets
the given conditions. Use one set of axes for all three graphs.

a. A line with slope —% and y-intercept (0, 3)

b. A line parallel to the line drawn in part (a)
with a y-intercept greater than 3

¢. A line parallel to the line drawn in parts (a)
and (b) with a y-intercept less than 3

d. What do you notice about the equations and graphs of the three lines?

a. Predict how high a stack of 10 cups would be.

Stack of Styrofoam Cups

Number of Cups 1,2 34
Height of the Stack of Cups(cm) | 7 | 8 9 |10

b. Describe the pattern in words.

¢. Describe the pattern with an equation. Let x represent the number of
cups and /4 the height.

d. What does the coefficient of x mean in this context? Does it have a unit of
measure? Explain.

e. What does the constant term mean in this context? Does it have a unit of
measure? Explain.
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Name Date Class

Additional Practice (continued)

......................................................................................................................

Thinking With Mathematical Models

18. To the right are the graphs of three lines. CB A
a. Match each line with its rule. 10 y y
=x+4 =2x+3 —3x+2
’ ’ ! A
/
b. For each equation, what are the y-values when x = 3? 6 |
When x = 47 .
2
X

€. Why are the y-values “farther apart” when x = 4 than
when x = 37

19. Find exact solutions for each of these equations.
a.9—x=3x-7 b. 3.6x +24=21x - 06

20. Find at least three values of x for which the inequality is true.
a. 5x—-3=12 b. 8&x—-1=4x+7

15



Name

Date

Class

Skill: Using Linear Models

Investigation 2

................................................................... 080600000000 600000000000000000006000000000000000606006

Thinking With Mathematical Models

For Exercises 1-5, use the graph at the right.

1. What earnings will produce $225 in savings?

2. How much is saved from earnings of $400?

3. What is the slope of the line in the graph?

4. For each increase of $200 in earnings, what is
the increase in savings?

5. Write an equation for the line.

6. A ride in a cab costs $0.40 plus $0.15 per mile.

a. Write and graph an equation for traveling
x miles in the cab.

b. The cab charges $0.70 for a ride of how many miles?

¢. How much does the cab charge for a trip of 8 miles?

16

$1,000
$900
$800
$700
$600
$500
$400
$300
$200
$100

Dollars Earned

$1.60
$1.40
(]
& $1.20
S s$1.00
(24

$ .60
$ .40
$ .20

Earned vs. Saved

$50 100 150 200 250
Dollars Saved

Speedy Cab Charges

2 4 6 8 10
Number of Miles
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Name Date Class

Skill: Using Linear Models (continued)

----------------------------------------------------------------------------------------------------------------------

Thinking With Mathematical Models

A giraffe was 1 foot tall at birth, 7 feet tall at the age of 4, Giraffe Height
and 11% feet tall at the age of 7. y
7. Plot the data.
18
8. Draw a line that models the pattern in the data. = 14
E
. . . =
9. Write an equation for your line. _% 10
T
6
10. Use your equation to find the following information. )
a. the giraffe’s height at the age of 5 4
0 2 4 6 8 10
Age (yrs)
b. the age at which the giraffe was 16 ft tall
A hippopotamus weighed 700 pounds at the age of 1, Hippopotamus Weight
1,900 pounds at the age of 3, and 2,500 pounds at y
the age of 4.
5,000
11. Plot the data.
_ 4,000
12. Draw a line that models the pattern in the data. 2
£ 3,000
. . . =)
13. Write an equation for your line. g 2,000
1,000
14. Use the equation to predict the following x
information. 0 1 2 3 4 5
a. the hippo’s weight at the age of 8 Age (yrs)

b. the age at which the hippo weighed 7,900 pounds

17



Name Date Class

Skill: Writing Equations of Lines

......................................................................................................................

Thinking With Mathematical Models

Write an equation for the line through the given points or through the given
point with the given slope.

1. 5,7),(6,8) 2. (—2,3);slope = —1
3. (1,2),(3,8) 4, (—2,3);slope =4
5. (4,7);slope = % 6. (6, —2);slope = —%
7. (0,5),(—3,2) 8. (8,11), (6,16)

18
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Name

Date

Skill: Writing Equations of Lines (continued)

----------------------------------------------------------------------------------------------------------------------

Thinking With Mathematical Models

Class

Investigation 2

Is the relationship shown by the data linear? If it is, model the data with an

equation.
9. & v
2 3
3
4 11
5 15

10.

Write an equation of each line.

12.

Y

5]

[

—2-1 AO

o

13.

X y
-3 4
-1 6

1 7

3 10

2

t

e

M. y
-2 5
3 =5
7 =13
11 —21
14.
3
ol '4/
B L~
e X
-1 12845 6

19



Name Date Class

Skill: Linear Relationships

----------------------------------------------------------------------------------------------------------------------

Moving Straight Ahead

Does the point represent a point on the graph of y = x — 4.

1. (0,—4) 2. 5,1 3. (=3,-7) 4. (-7,-3)
5. You order books through a catalog. Each book costs $12 and the ' Ly
shipping and handling cost is $§5. Write an equation and make a graph 10
that represents your total cost. 8
6
4
2
a. What is the total cost if you buy 6 books? ) >4 6~x
\
b. What is the total cost if you buy 4 books?
6. A ride in a taxicab costs $2.50 for the first mile and $1.50 for each Ly
additional mile, or part of a mile. Write an equation and make a graph 6
that represents the total cost. 4
2
- X
6 -4 20 2 4 6
2
a. What is the total cost of a 10-mile ride? 4
-6
b. What is the total cost of a 25-mile ride? ‘
7. A tree is 3 feet tall and grows 3 inches each day. Write an equation Ly
and make a graph that represents how much the tree grows over time. 48
36
24
12

a. How tall is the tree in a week?

O o

36 24 -120] 12 24 3
12

b. How tall is the tree in 4 weeks? 24,

Write an equation for each graph.

8. LI X2 9. R
\‘1’ 2
N, X X
-4 -2 lo x| 4 -4 [-2 |0 4
Lo A 2
dq L4

86
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Name Date Class

Additional Practice

......................................................................................................................

Moving Straight Ahead

1. Find the slope and y-intercept of the line represented by each equation.
a. y=2x-10 b. y=4x+3 C. y=4x—45

d. y=2.6x e.y=Tx+1

2. Each table in (i.)—(v.) below represents a linear relationship. Do parts (a)—(c)
for each table.

a. Find the slope of the line that represents the relationship.

b. Find the y-intercept for the graph of the relationship.

¢. Determine which of the following equations represents the relationship:
y=3—4x y=x+6 y=4x —3 y=3x—-15 y=25x

x y .1 x y x

0 0 0 6 0 715

1 25 1 7 1 1.5

2 5 2 8 2 45

3 7.5 3 9 3 7.5

4 10 4 10 4 105
iv. [ y V. | x y

0 3 1 1

1 1 2 5

2 -5 3 9

3 9 4 13

4 713 5 17

102
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Name Date Class

Additional Practice (continued) Investigation 4

----------------------------------------------------------------------------------------------------------------------

Moving Straight Ahead

5. On Saturdays, Jim likes to go to the mall to play video games or pinball.
Round-trip bus fare to and from the mall is $1.80. Jim spends $0.50 for each
video or pinball game.

a. Write an equation for the amount of money M it costs Jim to go to the mall
and play n video or pinball games.

b. What is the slope of the line your equation represents? What does the
slope tell you about this situation?

¢. What is the y-intercept of the line? What does the y-intercept tell you
about the situation?

d. How much will it cost Jim to travel to the mall and play 8 video or pinball
games?

e. If Jim has $6.75, how many video or pinball games can he play at the mall?

6. At the right is a graph showing the total cost (including ATrip to the Comic Shop
bus fare and the cost of comics) for Angie to go to the 20 :
Comic Shop to buy new comic books. 18 ]
16 L I et

a. What is Angie’s round-trip bus fare? Explain your

4l e

reasoning. T ol
2 10
3 e
S 8 e
6
b. How much does a comic book cost at the Comic Shop? i1 7
Explain. 2 |
0

0123 4567 8910
Number of comics
¢. Write an equation that shows how much money M it costs Angie to buy n
comic books at the Comic Shop. What information did you use from the
graph to write the equation?

104
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Name Date Class

Skill: Writing Equations

....................................................... ©002000000000c00000000000000000000000000000000000000000600000800

Moving Straight Ahead

Write an equation for each line.

1. \ 4y 2 1Y 4 3 d
& & &
2 2 2
/
0] X (o) X O X
-4 -2 2 4 -4 -2 2 4 -4 {2 2 4
2 /1 .
4 4
4 \ 4 4
Use the graph at the right for Exercises 4-8. Earned vs. Saved
4. What earnings will produce $225 in savings? $1,000
$900
$800
. . < $700
5. How much is saved from earnings of $400? o
5 $600
[
& $500
°
8 s$400
6. What is the slope of the line in the graph? $300
200
520017
s100(
7. for each increase of $200 in earnings, what is the 0 $50 100 150 200 250
Increase in savings? Dollars Saved

8. Write an equation for the line.

113
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Type of Graph

Fig. 1.2.

Types of graphs

Example

A circle graph, or pie chart, is a circle divided into parts,
or sectors or wedges. Each part shows the percent of the
data elements that are categorized similarly (e.g., grouped
into intervals). The parts must sum to 100 percent. Circle
graphs are often difficult to make, since each percent
must be converted to an angle (i.e., the appropriate frac-
tion of 360°) and the angles are sometimes difficult to
draw.

(Moore 1991, pp. 180-81)

A stem plot (also called a stem-and-leaf plot) is a dis-
play that is most often used to “separate” the tens digits
from the ones digits of the data values. The tens digits are
called the stems, and the ones digits are called the /eaves.
Each leaf represents one of the data elements. Ordering
the leaves on each stem from least to greatest often facili-
tates the interpretation of this display. This display works
best when the data set contains more than twenty-five ele-
ments and when the data values sp%éin several decades of
values. A stem plot can also be adapted to show simple
decimal values—for example, whole numbers and tenths. A
back-to-back stem plot can be used to compare two data
sets.

(Landwehr 19886, pp. 7-9, 33)

A histogram is used when data elements could assume
any value in a range—heights or weights of people, for
example. The data are organized in equal intervals; the
data values are marked on the horizontal axis. Bars of
equal width are drawn for each interval, with the height of
each bar representing either the number of elements or
the percent of elements in that interval; the number or per-
cent is marked on the vertical axis. The bars are drawn
without any space between them.

(Moore 1991, pp. 191-92)

Circle Graph

Responses to Julio's Question

Don't care
27%

33%

Stem Plot

Yes
40%

Battery Life (in Hours) for Two Brands

Always Ready Batteries

Tough Cell Batteries

9

W N =N

4
9,6,6,4

9,6,6,5,3 2

7,6,5,5, 1,1
7,6,55,55,5,4,31,1,0,0,0,0

3
On the left side, 6|8 means 86.

Histogram

1

2

3

4

5

6

7

814638
911145567789

101 0,1,23,38,3,4,56,7 789
111000012455

12 11,11

1310

1410

On the right side, 8] 6 means 86.

Heights of Fifth-to-Eighth-Grade Boys in One School

50 -

40

n—

110 120 130

140

150 160 170 180 190

Height (in cm)

Continued



Fig. 1.2. Different graphs are used in different situations; each has both advantages
Types of graphs and disadvantages. For example, some graphs are useful for small data sets,
whereas others are useful for large data sets. Some graphs display each data
value individually, but others “hide” individual values in bars or other visual ele-
ments. This chart contains important information about the graphs that middle-
grades students are likely to use.

Type of Graph Example

A line plot is a fast way to organize data. The possible Line Plot
data values are listed on a horizontal axis, and one X for Number of Raisins per Box

each element in the data set is placed above the corre- X X
sponding value. This display works best when the data set X X
has fewer than twenty-five elements and when the range of X X X
possible values is not too great. A dot plotis similartoaline % X X X X X
plot; small dots are used instead of Xs. X oox o x X x X X
X X X X X X X X X X

(Landwehr 1986, p.5) 28 29 30 31 32 33 34 35 36 37 38 39 40
Number of Raisins

Dot Plot
Time to Effect of Drug A

0 0 40 60 80 140

Time in Minutes to Effect

Bar Graph
Lengths of Six Cats
3
£
[®)]

A bar graph shows the frequencies of specific data val- © 27 ] i
ues in a data set. It can be used for categorical or numerical 5 ‘
data, but it is one of the most common ways to display cat- ‘c>"
egorical data. The length of the bar drawn for each data °§_1 i
value represents the frequency of that value. Bars may be 2
drawn vertically or horizontally. To avoid confusion, the bars
should be the same width. In elementary school mathe-
matics, a case-value plot is sometimes created. In a case-

1617 18 1920 21 22 23 24 25 26 27 28

value plot, the height of the bar drawn for each data ele-
Length in Inches

ment represents the data value. Bar graphs and case-value

plots are not interpreted in the same ways, and sometimes Case-Value Plot
students confuse the interpretation of these two displays. Lengths of Six Cats
30
(Moore 1991, pp. 184-85) :
297 ] —] ——‘ —1
2 : - :
__8_ 207 : : .
£ 154
£ o
2 104
Q 5|
5 =
0 :
B C D E F




Fig. 1.2
Types of graphs

Type of Graph

Example

A box plot (also called a box-and-whiskers plot) is con-
structed by marking the “five-point summary” (i.e., the least
and greatest values, the median, and the first and third
quartiles), drawing a box to capture the interval from the
first to the third quartile, and connecting the box to the
least and greatest values with line segments. The data ele-
ments are not displayed individually, which makes it impos-
sible to determine if there are gaps or clusters in the data.
Box plots are very useful, however, for comparing data
sets, especially when the data sets are large or when they
have different numbers of data elements.

(Landwehr 1986, pp. 57, 73)

A line graph is typically used for continuous data to
show the change in a variable—over time, for example. The
time is marked on the horizontal axis, and the values of the
variable are marked on the vertical axis. Each element of
the sample is associated with a value for time and a value
of the variable. Each pair of values is graphed, and the
points are connected with line segments. It is important to
look carefully at the scale marked on the vertical axis, since
changing the scale of the vertical axis can dramatically
change the visual impression of the graph.

(Moore 1991, pp. 181-83)

A scatterplot is used when two measurements are made
for each element of the sample. The graph consists of
points on a two-dimensional grid; the two coordinates of
each point are determined by the two measurements for
the corresponding element of the sample. A scatterplot is
one of the best ways to determine if two characteristics are
related.

(Landwehr 1986, pp. 84-86, 137)

Time to Effect of Drug A

Line Graph

1| 1 1] i 1]
40 60 80 100 120
Time in Minutes to Effect

Mean Temperatures in Room 203 at Four Times of the Day

3
N
o

-3
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o
o
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o

o
>
o
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/

Scatterplot
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Name

Date Class

Additional Practice Investigation 1

oooooo

----------- ©000000000000000000000000006000000600000000000000000000000000000000000000000000600000000000000060600808066

Data Distributions

For Exercises 1 and 2, use the table below.

156

New M&M's® Candies

Bag # | Green | Yellow | Orange | Blue | Brown | Red | Total
1 14 7 8 10 17 3 59
2 14 10 16 7 7 3 57
3 14 17 7 11 9 2 60
4 13 13 8 11 6 7 58
5 15 11 7 15 6 5 59
6 11 6 16 14 5 5 57
7 20 8 13 7 2 59
8 10 14 8 14 10 3 59
9 17 11 8 14 10 3 63
10 17 10 14 14 4 2 61
11 14 11 11 5 9 7 57
12 9 7 20 8 12 1 57
13 12 13 9 17 7 2 60
14 8 8 12 11 17 4 60
15 18 8 13 9 7 4 59

TOTAL

. On a separate piece of paper, make a bar graph for each set of data for

Bags 1,2, and 3. Each bar graph shows the percent of all candies for each
color found in that bag.

. Write two or more comparison statements that describe the data for the

three bags of candy.

. Determine the totals for each color of M&M’s candies found in all 15 bags.

On a separate piece of paper, make a bar graph for these data that shows
percent of all candies for each color found in the fifteen bags.

Describe the data by writing two or more comparison statements.

Compare this graph with the graphs you made for the Bags 1,2, and 3 of
M&M'’s candies. Is there some plan to the distribution of colors in bags of
M&M’s candies? Explain your reasoning.
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Name

Date

Additional Practice (continued)

------------------

.....................

For Exercises 3-5, use the table of data.

Immigrants to the United States

» Immigrants From Total Percent of Immigrants
Decade Canada Immigrants From Canada
1820 209 8,385 2%
1821-30 2,277 143,439 2%
1831-40 13,624 599,125 2%
1841-50 41,723 1,713,251 2%
1851-60 59,309 2,598,214 2%
1861-70 153,878 2,314,824 7%
1871-80 383,640 2,812,191 14%
1881-90 393,304 5,246,613 7%
1891-1900 3,311 3,687,564 0%
1901-10 179,226 8,795,386 2%
1911-20 742,185 5,735,811 13%
1921-30 924,515 4,107,209 23%
1931-40 108,527 528,431 21%
1941-50 171,718 1,035,039 17%
1951-60 377,952 2,515,479 15%
1961-70 413,310 3,321,677 12%
1971-80 169,939 4,493,314 4%
1981-90 156,938 7,338,062 2%
1991-1996 127,481 9,095,417 1%

Class

Investigation 1

Data Distributions

Source: Brownstone, D. M. & Franck, I. M. (2001). Facts about the American immigration, Bronx, NY:
H. W. Wilson, p. 487.

3. a. Ineach of the decades from 1911-1920 and 1941-1950, how many people
immigrated from Canada?

b. Add these bars to the bar graph of Exercise 5 titled, “Number of
Immigrants from Canada.”

157



Name Date Class

Additional Practice (continued)

----------------------------------------------------------------------------------------------------------------

Data Distributions

¢. Which of the statements below are true?

158

i. There are more immigrants who came to the U.S.in the decade
between 1911-20 than in 1941-50.

ii. About the same number of immigrants came to the U.S. in the decade
between 1911-20 and in the decade between 1941-50.

iii. The number of immigrants in the decade between 1911-20 is about
250,000 more than the number of immigrants who came to the U.S. in
the decade between 1941-50.

iv. None of the above is true.
v. All of the above are true.

- In each of the decades from 1911-1920 and 1941-1950, how many people

were immigrants to the U.S. from all countries?

. What percent of each of these numbers were immigrants from Canada?

Add these bars to a copy of the bar graph from Exercise 5 titled,
“Percentage of Immigrants from Canada in Total U.S. Immigration.”

. Write two comparison statements about how these data values are similar

to or different from the data values for other decades.
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Name Date Class

Additional Practice (continued)

---------------------------------------------------------------- ©00006000060000000000000000000000000000000000000000008

Data Distributions

5. a. How has the pattern of immigration from Canada to the United States
changed between 1820 and 1996? Explain.

Number of Immigrants from Canada

1,000,000
900,000
800,000
700,000
600,000
500,000
400,000
300,000
200,000
100,000

Frequency

Percent Immigrants from Canada in Total

U.S. Immigration
25.00%

20.00%

15.00%

10.00%

Percentage

5.00%

0.00% &

b. What does it mean that the bar for 1931-40 looks so different on the two
bar graphs above?

159



Name Date Class

Additional Practice (continued)

------

................................................................................................................

Data Distributions

For Exercise 6, use the table.

160

US Population by Region (in millions)

Northeast | Midwest | South | West | TOTAL
1980 49.1 58.9 75.4 43.2
1985 49.9 58.8 81.4 47.8
1990 50.8 59.7 85.5 52.8
1995 51.5 61.7 92.0 57.7

Percent of US Population by Region

Northeast | Midwest | South | West

1980
1985
1990
1995

. For each year, determine the total population and percent of the total

population found in each region. Record this information in the two tables.

. On a separate paper, make a bar graph for each region showing the

percent of population for each of the four years shown. You will have four
bar graphs, each of which has four bars, one for each of the years 1980,
1985,1990, and 1995.

- Which region had the greatest increase in numbers of people in the

population from 1980 to 19957 Which region had the smallest increase in
numbers of people in the population from 1980 to 1995?

- Which region had the greatest increase in percentage of total population

from 1980 to 1995? Which region had the greatest decline in percentage of
total population from 1980 to 1995?

. Write two or more comparison statements that describe the data for the

four years.

. Which statements below are true?

i. The South had the most people in each year.
ii. The population in the Northeast increased from 1980 to 1995.

ili. The percentage of population in the Northeast increased from 1980 to
1995.

iv. The distribution of population is more uneven in 1995 than in 1980.
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Name Date Class __

Additional Practice (continued)

------------------------------------------------------------------------------------------------

7. Make a line plot, matching the criteria below, to show the distribution of hand
widths in a class:

There are 20 students in the class.
The range of hand widths is from 8 cm to 12.5 cm.
The mode hand width is 9.5 cm; there are 6 values at the mode.

The median hand width is 9 cm.

8. Make a line plot, matching the criteria below, to show the distribution of hand
widths in a class:

There are 20 students in the class

The range of hand widths is from 8 cm to 12.5 cm.

The mode hand width is 9.5 cm; there are 6 values at the mode.
The median hand width is 10 cm.

Investigation 1

......................

Data Distributions
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Additional Practice Investigation 2

..... $0006°200000000000000000000006000650000600500000000000000000000000000000000000000000000060000000000000000600000000000680

Data Distributions

1. Sandra’s scores on the first 4 tests were 87,92, 76, and 89.

a. What is the minimum score Sandra needs to make on the fifth test so that
her mean test score is at least 85? Explain.

b. What is the minimum score Sandra needs to make on the fifth test so that
her mean test score is at least 80? Explain.

¢. Can Sandra score well enough so that her mean score is 90 or above?
Explain.

d. If Sandra scores 100 on the fifth test, what is her median test score?
e. If Sandra scores 0 on the fifth test, what is her median test score?

f. What score or scores on the fifth test will give Sandra a median test score
of 88?7 877 897

164
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Name Date Class

Additional Practice

--------------- ©00000000000000000000000000000000006000000000000000600000000000000000000000600000000000600000000000000000

Data Distributions

1. Write three different statements that describe the variability in Leah’s
reaction times from the value bar graph.

Leah-Female, Age 11

Trial 1 (sec) | 1.08
Trial 2 (sec) | 0.94

TU H

= Trial 3 (sec) |
Trial 4 (sec) 1.00
Trial 5 (sec) . 094

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 2.20 2.40 2.60 2.80 3.00
Trial Times (sec)

2. Below is a value bar graph showing data about Ella’s reaction times. Compare
Ella’s reaction times to Leah’s reaction times.

a. Determine statistics for each student: means, medians, and ranges.
b. Is one student quicker than the other student? Explain your reasoning,.

. Is one student more consistent than the other student? Explain.

Elia-Female, Age 11

Trial 1 (sec) T 1.25
Trial 2 (sec) | 0.95
© .
-= Trial 3 (sec) 0.96
=
Trial 4 (sec) . 0.76
Trial 5 (sec) | = 2 080

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 2.20 2.40 2.60 2.80 3.00
Trial Times (sec)

167



Name Date Class

Additional Practice (continueq)

----------------------------------------------------------- ©00000600000000000000000000000000000000000600000000000600600

Data Distributions

3. The sample of data below is about from 50 students — 25 female students and
25 male students. Two questions on a survey asked students to respond to a
stimulus, once with their right hands and once with their left hands. Their time
to respond is recorded in seconds. Below are two graphs, one for RIGHT hand
and one for LEFT hand response data.

a. Are students quicker with their right hands or their left hands? Justify your
reasoning.

b. Are students more consistent with their right hands or their left hands?
Justify your reasoning.

¢. We have been using data that look at a person’s dominant hand and
non-dominant hand in the Investigation. Is it possible that, for some of the
students, their right hand was their non-dominant hand? Explain.

%Q M | | | QI O!

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 |
Q30_Right_Hand (sec)
The mean is 0.39702 sec and the median is 0.38 sec.

I e e

[025] 03 035 04 045 05 055 06 065 07 075 08 [085]

Q29_Left_Hand (sec)
The mean is 0.45726 sec and the median is 0.4375 sec.

SOURCE: www.censusonline.net
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Name Date Class

Additional Practice (continued)

Data Distributions

4. Using the same data set about reaction times, compare the male reaction times
with their right hands to the female reaction times with their right hands. Look
at the graphs below.

Male

Female

A |

:«::: 0 0:0 00 O 0o O
= ] T T T T T T Q|

[025] 03 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 08 [085!

Q30_Right_Hand (sec)
Males: mean = 0.37124 sec and median = 0.344 sec
Females: mean = 0.4228 sec and median = 0.382 sec

.............

a. For both females and males, their means and medians are different. What
accounts for this happening?

b. Are females quicker than males using their right hands? Justify your
reasoning.

€. Are females more consistent than males using their right hands? Justify
your reasoning.
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Additional Practlce (continued)

---------------------------------------------------- ©00006020006000000000000000000000000000006000606000000000000086660606060

5. Using the same data set about reaction times, compare the male reaction times
with their left hands to the female reaction times with their left hands. Look at

Q17_Gender

the graphs below.

Male

Investigation 3

Data Distributions

[N ©) CA: 8! ©) ! o{ @) |Q 0} | O(?

0257 03 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

Q29_Left_Hand (sec)
Males: mean = 0.42128 sec and median = 0.39 sec
Females: mean = 0.49324 sec and median = 0.461 sec

a. For both females and males, the means and medians are different. What
might account for this happening?

b. Are females quicker than males using their left hands? Justify your
reasoning.

¢. Are females more consistent than males using their left hands? Justify your

reasoning.

170

O 0
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Name

Date

Additional Practice

----------------------------------------------------------------------------------------------------------------------

1. The members of the drama club sold candy bars to help raise money for the
school’s next play. The stem-and-leaf plot below shows how many candy bars
each member of the drama club sold.

Candy Bars Sold by Drama Club

1

2
3
4
5

011123569
111147
2348

149
23558

Key: 3 | 2 means 32 candy bars

a. How many students are in the drama club?

b. How many students sold 25 or more candy bars?

¢. How do the numbers of candy bars sold by each student vary?

d. What is the typical number of candy bars sold by each student?

2. Earl rolls 6 six-sided number cubes and finds the sum of the numbers rolled.

a. What are the least and greatest sums Earl can roll? Explain.

b. What do your answers for part (a) tell you about the sums Earl can roll?

Class

Investigation 2

Data About Us

¢. Earl rolled the number cubes several times and recorded each sum. Here

are Earl’s results:

27,21,17,18,21,18,25,32,8,19,21,20,26,21,11,23,33,19,9,12,17
Make a stem-and-leaf plot to display Earl’s data.

d. Using your stem plot, find the typical sum rolled. Use the median and
range to explain your reasoning.
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Additional Practice (continved)

cecoocecnoce eeeocceccccvcoo XXX YT ©eccceccc0000008000 ®eccocccccsoe seccceso0c0ccce ©0000000000000000000000000000000 sevcoeecsso

Data About Us

3. Taryn and Travis work in the student store at their school. They made the
coordinate graph below to show the total sales each day for three weeks. There
are three points corresponding to each weekday because Taryn and Travis
recorded their data for the three weeks on a one-week graph.

~ Fri e e

g)) Thu e ®e

=

g Wed | ® ® e
us Tue |~ ® o e

> Mon| -e-e @

[a]

30 35 40 45 50 55 60 65 70 75
Sales in Dollars

a. What were the total sales on Tuesdays for the three weeks Taryn and Travis
collected their data?

b. Which day of the week seems to be the best for sales at the student store?
Explain your reasoning.

¢. Which day of the week varies the most for total sales? Explain.

d. How do the sales for the entire three-week period vary?

e. What is the median of the total sales for Fridays? What is the median of the
total sales for the three weeks Taryn and Travis collected data?

f. Describe the pattern of sales during a typical week at the student store.
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Name Date Class

Additional Practice (continued)

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Data About Us

4. Emily rolled two four-sided number cubes 12 times and computed the sum for
each roll. She recorded the results as ordered pairs. The first coordinate is the
number of the roll, and the second coordinate is the sum for that roll. For
example, (9,2) means that on her ninth roll Emily rolled a sum of two. The
results of Emily’s rolls were: (1,7), (2, 8), (3, 3), (4, 4), (5,6), (6,3),(7,5), (8,6),
(9,2),(10,4),(11,5), (12, 5).

a. Make a coordinate graph of Emily’s data. Use the horizontal axis for the
number of the roll and the vertical axis for the result.

b. What is the mode of the sums of Emily’s rolls? Explain.

¢. How do the sums vary?

d. What is the median of the sums? Explain.

e. Does the coordinate graph you made in part (a) show a pattern in Emily’s
number-cube rolls? Explain.

For Exercises 5-7, use the stem-and-leaf plot below.

Students’ Foot Lengths

117
2(1000011111222222233444556778
3|02

5. How many students are in the class?

A. 3 B. 12 C. 30 D. 33
6. How do the foot lengths for this class vary?
F 1to3 G. 7to2 H. 17t032 J. 20to 28
7. What is the median foot length for this class?
A. 2 B. 20 C. 22 D. 245
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145 Go for the Gold!
Stem-and-Leaf Plots

Learning By Doing Lesson Map

Get Ready

Objectives NCTM Content Standards

in this lesson, students will

Interpret stem-and-leaf plots.
Create stem-and-leaf plots.

I<e>/ TJerms

stem-and-leaf plot

Lesson Overview

Data Analysis and Probability Standards
Grades 6-8 Expectations

Find, use, and interpret measures of center
and spread, including mean and interquartile
range

Discuss and understand the correspondence
between data sets and their graphical
representations, especially histograms, stem-
and-leaf plots, box plots, and scatter plots

Within the context of this lesson, students will be asked to

Interpret stem-and-leaf plots.
Create stem-and-leaf plots.

Find measures of spread based on information in a stem-and-leaf plot.

Students learn a different way to track data. They also build on what they learned in previous lessons

on mean, median, mode, and range.

Essential Questions
The following key questions are addressed in this section:
What is a stem-and-leaf plot?

How do you read a stem-and-leaf plot?
How do you create a stem-and-leaf plot?

Ll S

How can you find mean, median, mode, and range on a stem-and-leaf plot?

Lesson 11.5 e Go for the Gold!: Stem-and-Leaf Plots 363A
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SAOW the Way

Warm-0Op

Place the following questions or an applicable subset of these questions on the board or project on an
overhead projector before students enter class. Students should begin working as soon as they are
seated. While students are working on the Warm-Up exercises, you can attend to clerical tasks like
taking role or returning student work.

1. Evaluate each numerical expression.
83+7.4+8.2 51 +64 + 35 + 27
23.9 177

2. Find the mean for each set of numbers. Round your answer to the nearest whole number.

8.3,7.4,8.2 51, 64, 35, 27
& 44
Motivator

This lesson is about the summer Olympics. The motivating questions talk about the Olympic games.

Who has watched the Olympics? What are some events in the games? How are they scored? What
are the awards for the winners? What other rewards might winners earn? When are the next games and
where will they be held?

When introducing this lesson, discuss the different events and awards. The winter Olympics and
summer Olympics are held two years apart. Different cities around the globe take turns hosting the
games.

363B Chapter 11 ¢ Probability and Statistics
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Explore Tbsefé\er

Problem 4

Ask for a volunteer to read Problem 1
aloud. After a student has read the
problem, ask guiding questions to make
sure they understand the problem. Have
a student restate the problem in his or
her own words.

Guiding Questions
How is 3 the “stem”?

What number is the “leaf”? i i

What is the greatest number of gold
medals the U.S. won?

How can you use the plot to find the
range?

How do you read the numbers in
the plot?

Grouping
Have students work in pairs for this
activity.

While students are working, circulate
around the classroom to observe their
progress.

Common Student Errors

Students may not write the stem-and-
leaf plot in order, which will make their
median number incorrect. Have
students organize each series on a
“stem” in numerical order so that they
can most easily find the median of the
data set.

Whenever we work with data sets, it is helpful to try to “picture” or
display the data in a meaningful way in order to “see” some interesting
patterns that are not obvious when the data is in a list.

Problem 4

You are planning on following the next Olympics very closely on
television. In order to better understand the games, you do some
research and list the numbers of gold medals that the United States
has won in the Summer Olympic Games in different years.

35, 40, 44, 37, 36, 83, 34, 33, 45, 36, 34, 32, 40,
38, 24, 41, 22, 45, 41, 25, 23, 12, 78, 20, 11

A. Order the data. Then find the mean, median, mode, and range of

the data.
The mean is 36.36 . The median is 36 .
The mode is 34: 36, 40, 41, 45 The range is 72 .

B. A stem-and-leaf plot is a data display that helps you to see the
spread of the data. The leaves of the data are made from the
digits with the least place value. The stems of the data are made
from the remaining digits in the greater place values. Each data
point is listed once in the plot. Complete the plot. The first data
point, 11, is done for you.

1 2
0 2 3.4
N

i

@l’x‘ 8

£ L on

8
3

O NS WN =0

1]1= 11 medals

C. Be sure to include a key that indicates what the stems and
leaves indicate. Complete the key in your stem-and-leaf plot.

See above.

11
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Exp/o re Together

, Investiqate Problem 4
TInvestigate Problem 4 S)
1. Circle the mean of the data in the stem-and-leaf plot in

You r’lnay WIS!’.] to give §tudents extra . Problem 1. Draw a square around the median of the data.

practice reading and finding numbers in Place a triangle around the mode of the data.

the stem-and-leaf plot. Put a square around the first instance of 38; put a circle
between 6 and 7 1o note the mean is 36.36; put triangles
around 34, 36, 40, 41, and 45.

Circulate to be sure students 2. Does displaying the data in this form make it easier to “see”
understand how to read and interpret any trends or interesting patterns that were not obvious from
their stem-and-leaf plots. the list in Problem 1? Use a complete sentence to explain

why or why not.

Yes, the stem-and-leaf plot makes # easier to see the
Key Formative Assessments median, mode, and range of the data set because it

organizes the information in an easy way to find them.

How is the stem-and-leaf plot 3. How would you describe the number of gold medals that the

different from a listing of the United States has won over the years? Use a complete sentence
numbers? to explain your answer.

o . The Unites States has won many gold medals—on average,
How are the llStlngS alike? about 36 every summer.

EY

ﬁﬁ . Form a group with another partner team. Compare your answers
How does the stem-and-leaf plot group partn pare -
to Questions 1-3. Be sure that if you have any answers on which

help you find the mean, median, you do not agree, you work together to find out why.
mode, and range?

Will the mean always be a number Problen 2.

on the plot?
The heights (in centimeters) of 8 female gymnasts on the U.S.

Grouping Olympic team are listed below.

Have students work in pairs to answer 145, 147, 152, 152, 152, 155, 155, 170

Questions 1-3. Partner groups will A. Construct a stem-and-leaf plot of the data. Use only as many
team up with another pair in E ; boxes as you need. Include a key with your plot.

Question 4 to compare their answers. Blzl T T 1T T T 11
Have them separate into pairs again le]2felsf s [ T T ]
to complete Problem 2. LI T T T T T T 1]

Ll LT T T T T 1T

LT T T T T T T T 1451 2 = 152 centimeters
Problem 2.

B. Circle the mean of the data in the stem-and-leaf plot in
Ask for a volunteer to read Problem 2 Part (A). Draw a square around the median of the data.
aloud. After a student has read the Place a triangle around the mode of the data.
- . The mean is 153.5 cm. Put a square between the second and

problem, ask guiding questions to make third instance of 152 and draw a triangle around 152,
sure they understand the problem. Have C. How would you describe the gymnasts’ heights? Use a

a student restate the problem in his or complete sentence to explain your answer.

her own words. The gymnasts’ heights are mostly between 152 centimeters
and 185 centimeters. The most common height is
152 centimeters.

© 2008 Carnegie Learning, Inc.

You may wish to show students the exact
height of 147 centimeters.

Because several of the stems may not have
any leaves, students may have trouble
determining the leaves to use. Help
students focus on using common intervals,
as they did in previous lessons.

364 Chapter 11 * Probability and Statistics
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Explore Together

In vestijate Problen 2

You will probably want to further explain
that the raw scores in diving are
combined to form one total combined
score for each diver. The actual method
involves deleting the highest and lowest
score, multiplying by the degree of
difficulty, and several other processes
before they find the actual score! Actual
scores will be in the double-digits for
Olympians.

Grouping

Have students work in pairs to answer
Questions 1-4. Partner groups will team
up with another pair in Question 5 to
compare their answers.

Guiding Questions

Does it look like the judges gave
fairly consistent scores?

Is there another way to plot the
scores that might be more useful?

Did you find any shortcuts for
finding any of the measures of the
data set?

Diving scores are actually taken from seven
judges. But since two scores are thrown out
each time, there are only five numbers for
each dive instead of seven.

You may wish to have students suggest
shortcuts for adding the numbers together
when finding the mean. The plot lends itself
to several!

ﬁﬁ 5.

In vestlSa‘:{:e “Problem 2.

1. You want to understand how diving scores work in the Olympics.

Judges award raw scores on a scale of 1 to 10. This score is
then multiplied by the degree of difficulty of the dive. The raw
scores from 5 judges for 6 different dives by a diver in an
Olympic trial are shown below.

7.8,6.5,6.8,7.0,75,80,78,7.9,8.2,87,
55,5.9,5.4,55,58,87,8.8, 8.8, 9.0, 8.9,
7.6,75,70,7.0,74,66,6.9,7.3,72,7.0

Use the space at the left to order the data. Then construct a
stem-and-leaf plot of the data. Include a key with your plot.

5/ 4 5 5 8 9
6] 5 6 8 9
?@2@[}4566889
sl 0 2 7 7 8 8 g

a9l o $106=9.0

. Circle the mean of the data in the stem-and-leaf plot. Draw a

square around the median of the data. Place a triangle around
the mode of the data. '

The mean is 7.3 and the median is 7.35. Draw a triangle
around 7.0,

. Does displaying the data in this form make it easier to “see” any

trends or interesting patterns that were not obvious from the list
above? Use a complete sentence to explain why or why not.

The plot helps 1o find the trends much more easily because
the numbers are organized together.

. How would you describe the scores of the diver for the

six dives? Use a complete sentence to explain your answer.
The diver scored mostly in the low sevens.

Form a group with another partner team. Compare your answers
to Questions 1-4. Be sure that if you have any answers on which
you do not agree, you work together to find out why. Be
prepared to share your stem-and-leaf plot with the entire class.

Lesson 11.5 e Go for the Gold!: Stem-and-Leaf Plots 365
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Wrap-Op

Close

To close your lesson, ask students to answer the following questions. Their
answers should help summarize the lesson and the learning for the day. You
may want to review the Essential Questions from the Get Ready and/or the Key
Formative and Guiding Questions found throughout the Lesson Map.

How does a stem-and-leaf plot help you organize information?

How can you read a stem-and-leaf plot?

How can you use a stem-and-leaf plot to find measures of data?

Another alternative for closing your lesson is using the Open-Ended Writing Task

provided on the next page.

Ties to the 0051/\1'1‘:(\/6 Jotor Software

Students will be working in a variety of software units when they encounter this
lesson. Ties between text and software can be made because both software and
text include modeling with algebraic expressions, graphing, and examining the
relationship between written, numeric, graphic, and algebraic representations.

For more specific information on correlations between the software and text,
consult the Software Implementation Guide.

365A  Chapter 11 ¢ Probability and Statistics
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Follow-Op

ASS{SMmemﬁ

Use Assignment 11.5 in the Student Assignments book. See the Teacher’s
Resources and Assessments book for answers.

ASgsessment

See the Assessments provided in the Teacher’s Resources and Assessments book
for this chapter.

Open-Ended Wiriting Task

Choose another athlete and track his or her scores using a stem-and-leaf plot. Also
give the mean, median, mode, and range of his or her scores.

Reflections

Insert your reflections on the lesson as it played out in class today.

What went well?

What did not go as well as you would have liked?

How would you like to change the lesson in order to improve the things that did
not go well?

How would you like to change the lesson in order to capitalize on the things that
did go well?

Are there ways in which you feel the lesson could have been enriched
for students?

Lesson 11.5 ¢ Go for the Gold!: Stem-and-Leaf Plots
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Navigations through Data Analysis

Students & Basketball Players

Goals
To assess students’ ability to—

read information from a data display;
choose a representative statstic and justify the choice;

use representative values to compare data sets.

Materials {
A copy of the blackline master “Students and Basketball Players”
for each student :

Activity

To introduce this activity, you can ask the students what they know
about the heights of professional basketball players—both male and
femnale. You might ask the students how much taller their favorite bas-
ketball player is than the typical middle-grades student. (The typical
height will, of course, differ for males and females and for sixth graders
and eighth graders.)

“tudents should know what centimeters are, and they should have
Jured their heights in centimeters. If the students have reported the
basketball players’ heights in feet and inches, you should challenge
them to convert the measurements to cefitimeters.

Distribute the copies of the activity sheet for the students to work on
individually. You may want them to share their solutions with a partner
before the whole-class discussion. The point of this assessment is to
determine which students understand that the typical difference in
heights is the difference in the typical heights and which students use
other comparisons (e.g., a comparison of the greatest values in the two
data sets).

Discussion

The students should be able to count the number of data elements in
the stem plots (25 in each data set) and to explain that each element
represents the height of a different person. Four students have heights
of 152 cm, and eighteen basketball players have heights of at least 198
cm. These frequencies are simple counts, so students who cannot
answer questions 1-3 may not be able to read the stem plots. You may
need to review how a stem plot is constructed (see fig. 1.2).

Some students may answer questions 4 and 5 by identifying specific
values: modes (152 cm and 205 cm), medians (151 cm and 203 cm),
or means (approximately 149.7 cm and 201.6 cm). For each data set,

values for these numerical summaries are similar, so the students
..)7 not see a rationale for preferring one value over another. Other
students may give ranges of values for questions 4 and 5. For example,
they may say that the typical student is between 150 cm and 158 cm tall

Chapter 2: Comparing Data Sets with Equal Numbers of Elements
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and the typical basketball player is between 200 cm and 207 cm tall; one
argument for these choices is that they are the ends of the stems with
the greatest number of leaves. Students often phrase this explanation,
“Most of the data are between these values.” It is true that more than
half the data for the students are between those values. However, more
data values for the basketball players are outside the interval from 200
to 207 than are in it. The use of the word most, therefore, is not accu-
rate in this example. A correct phrasing of this idea is that the interval
from 200 to 207 contains more values than the interval represented by
any other stem. You have to decide whether the time is right to make
this point explicit.

The intent of question 6 is to find out if the students will subtract
whatever typical values they have identified for the two groups or
whether they will focus on other values. Some students are likely to
subtract the two extreme values (220 — 171). Some students may dis-
count the value 171 cm in the student data because it is separated from
the other data; these students may use 220 and 158 as the extreme val-
ues (220 - 158). Some students may also give a range of values for the
difference, for example, 10 to 90, arguing that the difference from 170
(the stem with the greatest values of student data) to 180 (the stem with
the least values of player data) is 10 and the difference from 130 (the
stem with the least values of student data) to 220 (the stem with the
greatest values of player data) is 90. Although this argument is correct,
it is not very helpful for answering question 6.

%}

The following activities provide different contexts in which compar-
ing data sets is important. They are in no particular order, but Class-
room Climate involves a more complex data set, so it should probably
not be the first task you present to the students. In each of the activities,
the students are given two data sets with equal Ns. The students must
then decide how to represent those data to facilitate the comparison of
the data sets. For each activity, several representations are acceptable.
In the follow-up to each activity, you may want the students to discuss
the relative merits of the different representations.

In the activity Batteries, the data for Always Ready batteries span a
noticeably larger interval than the data for Tough Cell batteries. This
difference may cause some students to be unsure about which represen-
tations to use and may influence the inferences that students make. The
students’ justifications for their choices should help you identify the

depth of their understanding of representations and numerical sum-
maries.

Navigating through Data Analysis in Grades 6—8




Navigations through Data Analysis

Students & Basketball Players

Name

How much taller are basketball players than students? Jane and Sam had some data that showed the
heights in centimeters of the students in their class and of twenty-five professional basketball players. Jane
made stem plots to display these heights.

Heights of Students

13 8 8 8 9
14 T2 7 7
% o o 1 1 1 2 2 2 2 3 3 6 6 738
16
17 1
Key: 14 | 7 means 147 cm
Heights of Basketball Players
18 0O 3 b5
19 o 2 5 7 8 8
20 O 0 2 3 5 5 b5 b 7
21 O 0 0 1 4 5
22 0
. Key: 19 | 2 means 192 cm
1. How many students are in the class? How many heights of basketball players have been
reported? How can you tell?
9. How many students are 152 cm tall? How can you tell?
3. How many basketball players are at least 198 cm tall? How can you tell?
4, What is the typical height of the students? Explain how you arrived at your answer.
5. What is the typical height of the basketball players? Explain how you arrived at your answer.

6. About how much tallér are the basketball players than the students in this class?
Explain how you arrived at your answer. |
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Navigations through Data Analysis

Batteries

Goals

Identify characteristics (e.g., mean, range, clusters) of data distribu-
tions

Compare the characteristics of data in order to make decisions

Materials

A copy of the blackline master “Batteries” for each student
Centimeter grid paper (available on the CD-ROM)
A calculator or spreadsheet software

Activity

Distribute a sheet of grid paper and a copy of the activity sheet to
each student. Call the students’ attention to the data about the life of
the two brands of batteries. Since the students did not actually collect
the data themselves, it is important for them to think about how the
data might have been gathered. Presumably, each battery was put into
the same kind of device (e.g., flashlight, boom box), the device was
turned on, and a record of the time was kept until the device quit work-
ing. The students need to understand that each datum represents the
life of a single battery; once the device stops, the battery is dead and
cannot be used again.

You can ask questions such as the following to lead the students to
think about the conditions under which the device might have been
used:

Does ambient temperature affect the life of a battery?
Should the temperature be constant?

If so, does it matter if the constant temperature is very hot or very
cold?

Does humidity affect the life of a battery?
Does the time of day affect the life of a battery?

Does the kind of surface on which the device rests affect the life of
a battery?

The activity has three parts. The first part (number 1 on the activity
sheet) requires the students to think about which representations would
be appropriate for displaying these data. The students might use line
plots, stem plots, bar graphs, or histograms. One difficulty that students
will face in graphing the data for Always Ready batteries is a large range
(from 19 hours to 203 hours).

The second part of the activity (numbers 2 and 3 on the activity)
requires the students to interpret the data; the representations students
create should facilitate their interpretations. The last part (question 4)
asks the students to think beyond the data and to use their interpreta-
tions to choose the brand of battery that has the longer life.

The students may analyze the data more completely if they work
with partners or in small groups. As you observe the groups at work,

Chapter 2: Comparing Data Sets with Equal Numbers of Elements
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help the students remain focused on the information in the data sets
rather than on personal experiences. For example, some students may
comment that they had a calculator “quit” during a test, so Mrs. Brewer
should replace the batteries before each test. Although this concern
may be important to that student, it is impossible from the data given to
make any inferences about how Mrs. Brewer should handle calculator
difficulties during tests.

Discussion

Have several students share their representations and their answers
to question 2. Focus the attention of the class on how easy or difficult it
is to interpret each of the graphical representations. For example, some
students may create line plots, find the median for each data set, and
then argue that the brand with the greater median is the better brand of
battery. Other students may create graphs but base their argument
solely on the computed values of the means, with the greater mean
indicating the better brand of battery. In either case, you could ask how
the graphs and the computed values show different information about
the data.

The graph for Always Ready batteries is J-shaped (see the histogram
in fig. 2.5), and the graph for Tough Cell batteries is mound-shaped
(see the histogram in fig. 2.6). This difference in the shapes may help
some students recognize the difference in the data sets. A solid argu-
ment can be made from comparing clusters of data in the two data sets.
Line plots or stem plots of the data are other useful representations for
revealing clusters (see the back-to-back stem plots in fig. 2.7).

The mode and median can be read quickly from the stem plot
because the data have been ordered in it. Since each data set has forty
entries, the median is located halfway between the twentieth and
twenty-first entries. The mean has to be calculated; technology (e.g., a
calculator or a spreadsheet) should be used for this task. The summary
statistics are shown in table 2.1.

Table 2.1
Summary Statistics for the Battery Data
Life of Life of

Always Ready Batteries ~ Tough Cell Batteries
Statistic in Hours in Hours
Mean app. 98.0 app. 105.2
Median 105.0 104.5
Mode 115 110
Quartiles 87.5,105,113.5 97,104.5, 110.5

Seventeen of the Always Ready batteries had a battery life greater
than or equal to 110 hours, one battery had a life of 175 hours, and one
had a life of 203 hours. However, seven of these batteries had a battery
life less than 80 hours. Fourteen of the Tough Cell batteries had a bat-
tery life greater than or equal to 110 hours. The argument that students
may find most compelling is that since the Tough Cell batteries are
more consistent, Mrs. Brewer should use that brand.

Some students may draw histograms; the extreme values for the
Always Ready batteries may make it problematic to determine the

Navigating through Data Analysis in Grades 6-8
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A histogram of the data for Always
Ready batteries
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A histogram of the data for Tough
Cell batteries
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A back-to-back stem plot of the battery
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appropriate intervals. It is important that the intervals be the same for
the two data sets. Otherwise, it would be very difficult to compare the
graphs. Computer software or graphing calculators would make the
students’ work much easier. With technology, the students can change
the scale and the interval until they see a clear and reasonable picture of
the distributions. Many students, however, may need to create one his-
togram on graph paper to have a clear understanding of how to inter-
pret the electronic histograms.

Some students may say that they want “the battery that lasts 203
hours,” which would indicate a confusion about what the data repre-
sent. Each datum is the number of hours that a particular battery (pre-
sumably chosen at random) lasted. That particular battery is dead, and
it cannot be used again. There is no way to tell whether another bat-
tery, chosen at random, will be a “19 hour” battery or a “203 hour” bat-
tery. The point of analyzing these data is to find patterns that will apply
to a new sample of batteries, without knowing how any particular bat-
tery will perform. The difference between interpreting a single data
value (e.g., 203 hours) and interpreting an entire data set is not easy for
students to grasp. Opportunities to work with several data sets are
required for this idea to be internalized.

By changing the context, you can help the students understand the
connection between the data and the context. For example, suppose you
were a hiker and you needed a battery that lasts more than 110 hours
for your cell phone. Which of these brands would you choose? A
greater number of Always Ready batteries lasted more than 110 hours
(13 for Always Ready, 10 for Tough Cell), so in this situation, the
Always Ready brand might be the better choice.

Extensions

Possible extension activities include having students research actual
brands of batteries (e.g., in Consumer Reports or on the Internet) or con-
duct experiments to determine how heat and cold affect battery life.

For further work on data sets with equal Ns, see “Instructions for
Users of Minitools” and Minitool 1, Using Case-Value Plots to Compare
Data, on the CD-ROM. Four pairs of data sets for use with Minitool 1
have been supplied on the CD-ROM: Braking Distance, Cotton, Life
Span of Batteries, and Watermelon. The context for each pair of data sets
is explained in the “Instructions for Users of Minitools.” Students use
case-value plots to compare two data sets and answer a question about the
comparison. Students can also enter their own data sets as files for use
with this software. Directions for data entry can be found in the “Instruc-
tions for Users of Minitools.”

In the activity Batteries, the students compare only two data sets. In
the activity Stopping Distances, the students examine two pairs of stop-
ping distances—one for 30 MPH and one for 60 MPH. After examining
each pair, the students draw a general conclusion about which model of
car seems safer; that is, the students are asked to make two conclusions,
each based on data, and then to draw an inference on the basis of the two
conclusions. By attending to the language that the students use for these
two kinds of activities, you can determine how clearly they understand

the differences in the tasks.
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Navigations through Data Analysis

Batteries

Name

Mrs. Brewer uses graphing calculators in her mathematics classes. She wants to use longer-lasting batter-
ies so that a minimum of time is lost because of dead batteries. She searched the Internet and found the
following data on the life, in hours, of two brands of batteries.

Battery Life in Hours

Always Ready Batteries Tough Cell Batteries

96 111 110 101 95 103
115 95 1156 91 121 106
106 86 110 104 121 111
115 63 84 84 110 114
44 110 52 103 94 107
110 111 107 121 97 99
115 116 89 107 109 96
113 92 93 97 105 110
74 117 101 103 112 110
115 175 101 115 115 98
114 31 105 140 102 108
19 105 99 130 91 110
86 22 86 95
203 96 100 88

1. On grid paper, make two graphical representations that illustrate the differences between these two
brands of batteries.

2. What are the quartiles for each set of data?

What do these values indicate about the two brands?

3. Which brand of batteries seems to have the longer life?

Explain the reasons for your answer.

4. Suppose that Mrs. Brewer puts new batteries of the brand you named in question 3 in all the calculators
at the beginning of the school year. About when during the year will she need to have replacements
available? Explain the reasons for your answer.

Navigating through Data Analysis in Grades 6-8 89



Writing an EQuation to Describe a Relationship

In Data About Us, a group of 54 sixth-grade students measured their arm
spans and their heights. Their data are shown in the scatter plot.

Height and Arm Span

v o -
_ 180 i
: : |
< 170
c J?'
g 160 .":‘
v ,‘l'oo.
g 150 o me’
. ° &
< 140 |-
130 X
130 140 150 160 170 180
Height (cm)

If you know someone’s height, what can
you say about his or her arm span?

ady for Problem

Find a line to model the trend in the data.
& Where does your line cross the y-axis?

@ What is the y-coordinate of the point on the line with an x-coordinate
of 190?

@ What is the x-coordinate of the point with a y-coordinate of 175?

Problem Writing an Equation to Describe a Relationship

A. Consider a line through (130, 130) and (190, 190).

1. How might you use this line to describe the relationship between
height and arm span?

2. Write an equation for this line using 4 for height and a for arm
span.

3. What is true about the relationship between height and arm span
for the points on the line? For the points above the line? For the
points below the line?

Investigation 4 Relating Two Variables
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B. 1. Make a scatter plot of the (body length, wingspan) data from the

table.
Airplane Comparisons
Plane Engine Type | Body Length (m) | Wingspan (m)
Boeing 707 jet 46.6 444
Boeing 747 jet 70.7 59.6
llyushin IL-86 jet 59.5 48.1
McDonnell Douglas DC-8 jet 57.1 452
Antonov An-124 jet 69.1 73.3
British Aerospace 146 jet 28.6 26.3
Lockheed C-5 Galaxy jet 755 67.9
Antonov An-225 jet 84.0 88.4
Airbus A300 jet 54.1 44.9
Airbus A310 jet 46.0 43.9
Airbus A320 jet 37.5 33.9
Boeing 737 jet 33.4 28.9
Boeing 757 jet 47.3 38.1
Boeing 767 jet 48.5 47.6
Lockheed Tristar L-1011 jet 54.2 47.3
McDonnell Douglas DC-10 jet 55.5 50.4
Aero/Boeing Spacelines Guppy propeller 43.8 47.6
Douglas DC-4 C-54 Skymaster propeller 28.6 358
Douglas DC-6 propeller 32.2 358
Lockheed L-188 Electra propeller 31.8 30.2
Vickers Viscount propeller 26.1 28.6
Antonov An-12 propeller 33.1 38.0
de Havilland DHC Dash-7 propeller 245 28.4
Lockheed C-130 Hercules/L-100 propeller 344 40.4
British Aerospace 748/ATP propeller 26.0 30.6
Convair 240 propeller 241 321
Curtiss C-46 Commando propeller 233 32.9
Douglas DC-3 propeller 19.7 29.0
Grumman Gulfstream 1/I-C propeller 19.4 23.9
llyushin IL-14 propeller 22.3 31.7
Martin 4-0-4 propeller 22.8 284
Saab 340 propeller 19.7 21.4

SOURCE: Airport Airplanes

2. Does your equation relating height and arm span from
Question A also describe the relationship between body length and
wingspan for airplanes? Explain.

3. Predict the wingspan of an airplane with a body length of 40 meters.

4. Predict the body length of an airplane with a wingspan of 60 meters.

Samples and Populations




C. 1. Use the scatter plot below. Does your equation relating height and
arm span from Question A also describe the relationship between
body length and wingspan for birds? Explain.

Wingspan (in.)
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60 |
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20

Bird Body Length
and Wingspan

y .7,
80| %0
$ 00
A%
&®
2
@
L 3
-‘“.
o X

0

0 20 40 60 80 100
Body Length (in.)

2. Find a line that fits the overall pattern of points. What is the
equation of your line?

3. Predict the wingspan for a bird whose body length is 60 inches.

Explain.

ACE Homework starts on page 69.
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Writing an Equation to Describe a Relationship %%

Goal

@ Explore relationships between paired values of
numerical attributes

Students explore three different but related
proportional relationships: height and arm span
for people, body length and wingspan for
airplanes, and body length and wingspan for birds.
For each, they consider fitting a line to describe
the pattern of the relationship and writing an
equation to describe this relationship.

(iﬁ:ﬁmhch

Introduce the problem as presented in the student
edition. Remind students of the activity from Data

About Us where they looked at the relationship
between height and arm span. Even if they do not
recall this activity, most students have explored
this relationship before.

Have students work in pairs to do the problem.

Explore

Students first explore the provided scatter plot for
height and arm span. They consider the equation
for a line to describe this relationship.

Then, they explore a similar relationship for
airplanes; they first make the scatter plot using
provided data.

Next, they explore a similar relationship for
birds; they use the scatter plot provided in the
text.

(Summarize q.

Have students present their solutions and discuss
the relationships they found.

Investigation 4 Relating Two Variables
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At a Glance

p

\ Writing an Equation
to Describe a Relationship

Mathematical Goal

R

PACING 1-2 days

% & Explore relationships between paired values of numerical attributes.
\

Launch )

(Launch
\Jaunch )

s o,

(Explore )

/ N\
Introduce the problem as presented in the student edition. Remind students gna_‘rtri::;:rendes
of the activity from Data About Us where they looked at the relationship | 42A,42B
between height and arm span. Even if they do not recall this activity, most %
students have explored this relationship before. % !z
Have students work in pairs to do the problem. . <

;' Materials

Students first explore the provided scatter plot for height and arm span.
They consider the equation for a line to describe this relationship.

Then, they explore a similar relationship for airplanes; they first make
the scatter plot using provided data.

Next, they explore a similar relationship for birds; they use the scatter
plot provided in the text.

. & Labsheet 4.2

(optional)
# Graphing calculators
@ Grid paper

S

Y Summarize )

Have students present their solutions and discuss the relationships they
found.

{ Materials

# Student notes

© Overhead graphing

calculator (optional) ;
o
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ACE Assignment Guide B. 1 Airol Bodv Lenath and Wi
for Problem 4.2 i 100 ylrp anes: Body Leng an mgSP‘an
Core 2,10-13 90 +
Other Connections 9, 27-30; unassigned choices 30
from previous problems ¢
Adapted For suggestions about adapting ACE E 70 ¢
exercises, see the CMP Special Needs Handbook. = 60 *
Connecting to Prior Units 9: Data Distributions; 8 50 o
10-13: Thinking With Mathematical Models § 40 L e
2 o2 . ¢
30 [ o8 &
Answers to Problem 4.2 20 s °
A. 1. Possible answer: As height increases, arm 10 ,
span increases as evidenced by the data : X
clustering around the diagonal from 00 10 20 30 40 50 60 70 80 90 100
Height-Arm Span 2. Yes,y = x seems to be a good way to
190 4y ' & describe this relationship. The points cluster
180 aroundy = x. '
- A 3. A reasonable estimate for the wingspan
€ 170 A of an airplane with a body length of
=t 4 1d 40 meters is between 35 and 45 meters
)
:‘;— 160 ® 4. A reasonable estimate of the body length
£ 150 ‘.' of an airplane with a wingspan of
< ® s 60 meters is between 60 and 65 meters
140 C. 1. No. The slope of the line that fits the data is
X about 2 so y = 2x would be the line. If
130 students look at the silhouettes of the birds,
130 140 150. 160 170 180 130 it is easy to see that wingspan is about twice
Height (cm)

body length.

2. height = arm span or k = a. 2. Possible answer: y = 2x

3. 120 inches; Using the equation y = 2x
where x is the body length of a bird and y
is the wingspan, a bird with a body length
of 60 inches would have a wingspan of
120 inches.

3. height = arm span (points on the line)
height < arm span (points above the line)
height > arm span (points below the line)

102 Samples and Populations
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Human Development Index and Life Expectancies

The Human Development Index (HDI) is a number used to report
how well a country is doing in overall human development. The HDI
measures the average achievement in three basic dimensions of human
development—a long and healthy life, access to education, and a decent
standard of living.

Countries with an HDI of over 0.800 are part of the high human
development group. Countries from 0.500 to 0.800 are part of the medium
group. Countries below 0.500 are part of the low group.

Problem

Analyzing a Relationship
A. 1. Describe the variability in the data in the histogram.

2003 Life Expectancy
for 177 Countries

50%
40%
30%
20%

10%
0%
30 40 50 60 70 80 90
Life Expectancy at Birth (yr)

Percent of Countries

2. Estimate the percent of the countries with life expectancies of
60 years or greater.

Samples and Populations



3. Use the box plots. Describe how the life expectancies of the
countries with upper and medium HDIs compare with the life

expectancies of countries with low HDIs.

2003 Life Expectancy and
HDI for 177 Countries

Upper HDI

Medium HDI

Low HDI

! | ]

I l I | T 1 T |
0 10 20 30 40 50 60 70 80 90

Life Expectancy at Birth (yr)

4. The medium HDI group has outliers. Using the table, identify which

countries are the outliers. Explain.

2003 Life Expectancy and HDI

Life Expectancy

Country at Birth (yr) HDI
Lao People’s Dem. Rep. 54.7 0.545
Botswana 36.3 0.565
Zimbabwe 36.9 0.505
South Africa 48.4 0.658
Equatorial Guinea 43.3 0.655
India 63.3 0.602
Namibia 48.3 0.627
Uganda 47.3 0.508

Source: United Nations Development Programme

Investigation 4 Relating Two Variables
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B. Use a straightedge to locate the line y = 0.01325x — 0.166 on the
scatter plot shown below. Hirit: Use the equation to find two points,
(0,y1) and (80, y,), on the line.

1.00
0.80
0.60
0.40
0.20

HDI

2003 Life Expectancy and

HDI for 177 Countries

L

<

) . .:'

0t
c.:3

0.00
-0.20

0 10 20 30 40 50 60 70 80 S0

Life Expectancy (yr)

Source: United Nations Development Programme

1. How well does this line model the relationship between life
expectancy and HDI?

2. Use this line to estimate the HDI for x = 90 years.

3. Describe how you can use this line to estimate HDI when you know

life expectancy.

Samples and Populations

£C= Homework starts on page 69.
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|\ Human Development Index and Life Expectancies

Goal Explore {
¢ Explore relationships between paired values of Students explore the data, making two different
numerical attributes kinds of representations.

Students explore the relationship between safe
water and life expectancies for several different , .
countries in the world. This relationship is not like ( Summarize @
the relationships in Problem 4.2.

Launch S% )

Introduce the problem as presented in the student
edition. Make sure that the students understand
the table of data. Using a world map, help students
locate the various countries listed on the table.
Discuss what safe water means (drinkable water;
also tied to this is appropriate sanitation practices).
Discuss what might be the reasons that some
countries would have less access to safe water
than other countries.

Have students work in pairs to do the problem.

Have students present their solutions and discuss
the relationships they found.

|
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At a Glance

£} Human Development Index

A

. o PACING 1 d
and Life Expectancies i
Mathematical Goal
@ Explore relationships between paired values of numerical attributes.
M N
( Launch )
S Materials

Introduce the problem as presented in the student edition. Make sure that
the students understand the table of data. Using a world map, help students
locate the various countries listed on the table. Discuss what safe water

means (drinkable water; also tied to this is appropriate sanitation practices).

Discuss what might be the reasons that some countries would have less
access to safe water than other countries.

Have students work in pairs to do the problem.

& Transparency 4.3

(Explore )

Students explore the data, making two different kinds of representations.

[ Materials
@ Graphing calculators

@ Computers and §
statistical software 3

| (optional)
| @ Grid paper
J
f‘[ L3
( Summarize |
) ' Materials

Have students present their solutions and discuss the relationships
they found.

@ Student notes

ﬁ & Overhead graphing
. calculator (optional) /;
e
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ACE Assignment Guide
for Problem 4.3
Core 3,14-26

Other Connections 31-35; Extensions 36;
unassigned choices from previous problems

Adapted For suggestions about adapting ACE
exercises, see the CMP Special Needs Handbook.
Connecting to Prior Units 24: Moving Straight
Ahead, Thinking with Mathematical Models

Answers to Problem 4.3

A. 1. The range of life expectancy is from about
30 to 90 years. About half of the data falls
in the interval of 70 to 80 years while the
majority of the rest are spread out through
the three intervals between 40 and 70 years.
A small percentage falls on the intervals of
30-40 and 80-90 years.

2. The percent of countries with life
expectancies of 60 years or greater is
approximately 75%.

3. Life Expectancies of countries with Upper
and Medium HDI levels are much greater
than those with low HDI levels. There is
also less variability in Life Expectancy for
countries with Upper HDI levels. The range
is 70-80 years, and half of the population
has a life expectancy of about 72-77 years.
Countries with lower HDI levels have
lower typical life expectancies and also
much less consistency.

106 Samples and Populations

. 1.

. Botswana, Zimbabwe, South Africa,

Equatorial Guinea, Namibia, and Uganda
are the countries that are outliers because
all of their life expectancies fall below the
furthest point on the Medium HDI boxplot.

The data clusters around this line. The line
models the relationship well.

2.y = 0.01325(90) — 0.166 = 1.0265

3. If you know life expectancy, then you can

find that value on the horizontal axis and
draw a vertical line. This line intersects the
modeling line y = 0.01325x — 0.166 at a
point with a y-coordinate of the HDI for
the given life expectancy.



navigations through ata Analysis

Reading a Scatterplot

~
Goals
To assess students’—
> skill in identifying the two values associated with each pointin a
scatterplot;
* ability to interpret trends in data in a scatterplot;
» ability to use trends to make predictions.

Materials {

¢ A copy of the blackline master “Reading a Scatterplot” for each
student.

Activity

This activity explores the relationship between the populations of
states and the number of telephone area codes in the states. Begin by
asking, “Why do phone companies add area codes to telephone num-
bers?” The students should be able to figure out that the reason is that
the phone companies begin to run out of seven-digit phone numbers to
assign to customers. Ask, “Why do phone companies begin to run out
of phone numbers to use?” The students may know that the shortage is
a result of a greater use of regular phones, cellular phones, fax
machines, and communication lines for data or computers. Ask, “Why
is there a greater demand for phone lines?” The students may say that
the demand is due to more businesses and to an increasing population.
The activity focuses on population as a variable that is correlated with
the number of area codes in the states.

Distribute a copy of the activity sheet to each student. The students
should work with a partner to help enrich their interpretation of the
data. As you observe the pairs working, encourage them to give clear
explanations of the reasoning behind their answers.

Discussion

The numbers of area codes in the states are discrete data—for exam-
ple, there cannot be 3.5 areas codes in a state—so the graph on the
activity sheet may seem somewhat unusual to students. Questions 1 and
2 familiarize students with reading data points on a scatterplot by ask-
ing them to read information directly from the graph. For question 1,
the students need to count the number of dots above the value 5 on the
horizontal axis. For question 2, the students have to interpret the two
values associated with point 4.

Questions 3, 4, and 5 ask the students to make predictions or
interpolations from the data. Questions 3 and 5 ask for an interpolation
within the range of values of the data, and question 4 asks for predic-
tions that go beyond the range of the data. The students may find an
approximate line of fit to make their predictions. Through oral discus-
sion or the students’ written explanations, you should be able to discern
whether the students have some sense of the linear trend of the data.
That is, their predictions should not be just wild guesses; they should
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be supported by such arguments as “As the population increases by x
million people, the number of area codes seems to increase by y.”

Question 6 assesses the students’ ability to describe the relationship
between the two variables. The point of the question is not to elicit an
exact answer. Rather, the responses will allow you to assess whether the
students can use their observations logically to formulate a description
of the relationship that makes sense (both to you and to other students).
For example, to begin to make sense of the trend, some students may
focus on how to find a representative value for the stack of dots dis-
played above each value on the horizontal axis (number of area codes).
One strategy is to pick the value in the middle of these dots; another
strategy is to pick a value in the greatest concentration of the stack of
dots. More information about students’ responses to these questions
can be found in Mooney (2002).

o

The following activities afford students several opportunities to cre-
ate scatterplots and then to identify and describe trends in the data.
That is, the activities help students explore whether two variables
covary and if so, what the nature of that covariation is. Learning how to
make scatterplots is one goal of these activities, but it is not the main
one. It is more important for students to learn to interrogate bivariate
data, whether presented in tables or in graphs, just as they learned to
interrogate univariate data from the activities in the first three chapters.

Students must go beyond simply reading data from a scatterplot;
they need to learn how to represent bivariate data. They do so in the
activity Congress and Pizza, but they may not elect to use a scatterplot.
If they do not, then discussing the students’ other representations can
help you learn how the students are thinking about bivariate data.
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The graph below shows the population and the number of area codes for each state in the United States.
Use the scatterplot to answer the questions on the next page.

State Population and Area Codes
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1. How many states have five area codes? How did you determine the number?

2. What does the point labeled “A” represent?
How did you decide what it represented?

3. The population of Canada is approximately 29,100,000. If a similar pattern exists there, how many area
codes do you think Canada has? Explain your answer.

4. The population of Great Britain is approximately 58,600,000. If Great Britain used the same system,
how many area codes do you think it would need? Explain your answer.

5. Suppose that a state had fourteen area codes. What do you think the population of that state would be?
Explain your answer.

6. Describe the relationship between a state’s population and the number of area codes assigned to it.

Copyright © 2003 by the National Council of Teachers of .
Mathematics, Inc. wwse.netm.org. All rights reserved. Navigating through Data Analysis in Grades 6-8
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Navigations through Data Analysis
Migraines: Histograms

Goals

Use histograms and relative-frequency histograms to analyze data

Extract information from a histogram and a relative-frequency his-
togram

Materials

A copy of the blackline master “Migraines: Histograms” for each
student

Calculators (optional)
Half-centimeter grid paper, available on the CD-ROM

Activity

To introduce this activity, ask the students what they know about
how new drugs are tested. Once a new drug is ready to be tested in
humans, it is likely to be tested with only a small number of patients. If
it is being compared with a drug already in use, much more data will be
available for the approved drug. Data for the two drugs will, therefore,
have dramatically different Ns. For this activity, assume that drug A is a
traditional drug that has been approved and used for some time and
that drug B is the new drug. This scenario explains the large discrep-
ancy between the numbers of déta points in the two data sets.

This activity demonstrates to students the difference in the utility of
an absolute-frequency histogram and a relative-frequency histogram.
The relative-frequency histogram allows a direct comparison from
graphs of data sets that would otherwise be difficult to compare because
they contain unequal Ns. If the students do not know how to make a
histogram, instruct them in the construction of histograms either as
part of this activity or as a prelude to it.

The scenario presented on the blackline master indicates that each
patient records her or his own information. You might want to raise the
issue of self-reporting and ask the students whether they think this
method might affect the accuracy of the information. Distribute grid
paper and a set of activity sheets to each student. Calculators, if avail-
able, will help the students compute the relative frequencies. The stu-

dents should work with a partner or in a small group to encourage rich
discussions.

Discussion

Some students are likely to compare these distributions by choosing
a “cut point” and counting the number of values in each distribution
above or below that cut point. Suppose, for example, that you were
interested in knowing how many patients in each group received relief
within sixty minutes. Thirty-six patients took drug A and received relief
in sixty minutes or less, but only thirty-one patients who took drug B
received relief in sixty minutes or less. The students might conclude
that drug A is faster acting. This direct, additive comparison is faulty,
however, because the numbers of patients using the drugs differ dra-
matically. A better strategy is to find the percent of the patients who
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received relief within sixty minutes. About 34 percent of the patients
taking drug A and about 66 percent of those taking drug B received
relief within that time. The percent for drug B is almost twice that for
drug A.

Doing analysis with cut points, however, has some disadvantages.
The most important is that often no rationale can be given for the use
of any particular cut point. Choosing sixty minutes, for example, seems
intuitively reasonable, since it is an hour and people might expect to
receive relief within an hour. But is sixty minutes a better (or worse) cut
point than sixty-four minutes or fifty-three minutes or even seventy-
seven minutes? Without knowing something about the physiology of
migraine headaches, we probably cannot make a medically and statisti-
cally appropriate choice. A cut point, then, is likely to be completely
arbitrary, at least from a mathematical point of view, and different cut
points can often lead to different conclusions. Another disadvantage is
that for each cut point selected, the percent of data values above or
below it must be recomputed. These disadvantages can be overcome
somewhat with the use of a relative-frequency histogram. The follow-
ing is an example of how one teacher led a discussion of this activity
that helped her students reason about the proportions of data in partic-
ular intervals.

Teacher: In a test conducted at a major hospital, people who suffered
from migraine headaches were given one of two drugs. Drug
A has been on the market for several years and has been
found to provide relief to many people who suffer from
migraine headaches. Drug B is a newer drug that has the
potential to give faster relief to more people. The drugs were
given to people with migraine headaches, and the subjects
were asked to record the amount of time it took them to get
relief after taking the drug. We have results from 106 people
who took drug A and 47 people who took drug B.

Doug: ~ Why didn’t they do the same number of people for each
drug? That would be more fair.

Teacher:  Why do you think they don’t have the same number of
results for each drug?

Montez: Because they probably gave it to the same number of people
but just got the results after, say, a month, and that’s how
many people had headaches in that time.

Teacher:  Very nice, Montez. This brings out a very important fact
about comparing data sets, and that is that they are often not
the same size. Will that make a difference in how you con-
duct your analysis? You might want to think about that.

The students looked at the data and tried to answer question 1 on the
activity sheet. The teacher brought them together for a brief period of
sharing.

Kyle: We found out how many patients in each group got relief in
less than forty minutes. We found that 22 patients who took
drug A got relief in less than forty minutes and only 20 who
took drug B, so we chose drug A.

Chapter 3: Comparing Data Sets with Unequal Numbers of Elements
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Andrea:  We did the same thing, but we used thirty minutes and we
got 12 with drug A and only 9 with drug B.

Shade: ~ Wow, so either way, drug A is better!

At this point, the students were focused only on the data in the range
of zero to thirty or forty minutes. Although their direct, additive com-
parisons did tell them how many patients received relief in a short time,
the students were ignoring an important aspect of the analysis. They
were not reasoning about the fraction, or the percent, of the patients
that fell in the range from zero to thirty or forty minutes. The teacher
suggested that they make the histogram and relative-frequency his-
togram “to see if those representations change your mind.” After stu-
dents have constructed the displays, it is important to discuss the differ-
ent features of the graphs, which this teacher did:

Teacher:  What conclusions can you draw about the effectiveness of the
two drugs by comparing the relative-frequency histograms
that you have just completed?

Kyra: Well, it looks like drug A has the highest percentage of peo-
ple at the high end of the graph.

Teacher:  Can someone else say what they think Kyra is saying? Jose?

Fose: She is saying that if you look at the graph of drug A, then it
has its highest bars, which mean the largest percentage of
patients, at the high end,ymeaning it took more time to get
relief. 5

Teacher:  So, on the basis of what Kyra and Jose said, would you rec-
ommend drug A?

Dante:  No, you want drug B because you want your tall bars, or your
high percentages, to be low, where it takes less minutes to get
relief.

Teacher:  Yeah, but I thought drug A had some high bars in the low
numbers. I mean, look at twenty to forty minutes. They have
a bunch of people here.

Dante:  Yeah, but it’s a very low percentage of all the people that took
drug A, so you really don’t have a very good chance of get-
ting relief quick with drug A like you do with drug B.

The importance of this discussion is that it helped the students
understand what information can be extracted from a comparison of the
relative-frequency histograms. Discussions of activities, such as this
conversation, are an essential part of helping students make sense of
and improve their reasoning.

The following activity, Migraines: Box Plots, extends the analysis of
the drug data. Learning how to construct a box plot is one of the goals
of this activity, but it is more important that students understand how
the box plots help them interpret the data. Box plots are particularly
valuable for interpreting the spread of data.
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Navigations through Data Analysis

Migraines: Histograms

Name

Below are data collected from patients who suffer from migraine headaches. The patients were instructed
to take their assigned drugs as soon as their headaches began and to record how much time passed
before the drugs gave relief. Drug A is a traditional drug, and Drug B is an experimental drug. Each value is
the number of minutes (rounded to the nearest two minutes) that elapsed before a patient got relief.

Drug A (106 patients)

16, 18, 18, 20, 22, 22, 24, 24, 26, 26, 28, 28, 30, 30, 32, 32, 34, 36, 36, 36, 38, 38, 40, 42, 44,
44, 46, 46, 48, 50, 54, 56, 56, 58, 58, b8, 62, 62, 64, 64, 66, 68, 68, 70, 70, 70, 72, 72, 74,76, 76,
76, 78, 78, 80, 80, 80, 82, 82, 84, 84, 84, 86, 86, 88, 88, 88, 88, 90, 90, 90, 90, 90, 92, 92, 99,
92,94, 94,94, 96, 96, 98, 98, 98, 98, 100, 100, 100, 100, 102, 102, 102, 104, 104, 106, 1086,
108, 108,108, 110,110, 112,114, 118, 120

Drug B (47 patients)

18, 20, 20, 22, 24, 24, 24, 26, 26, 30, 30, 30, 34, 34, 34, 36, 36, 36, 38, 38, 40, 40, 44, 44, 46,
50, 52, 52, 56, 56, 58, 62, 62, 66, 74, 74, 78, 88, 94, 98, 98, 100, 104, 106, 110, 116, 120

1. From examining these data, which drug do you think gave faster relief from headache pain?

Explain. 5

2. Construct a histogram for each data set on the axes below. Title your display, and specify an appropriate
scale on the horizontal axis.

20

18

16

14

12
10

Number of Patients

Time in Minutes to Effect
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Number of Patients
o

Time in Minutes to Effect
%

3. From examining the histograms, which drug do you think was more effective in giving fast relief from
headache pain? Explain.

4. Construct a relative-frequency histogram on the axes below.

N
()]

N
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o O O

Percent of Patients

Time in Minutes to Effect
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. On the basis of your examination of the relative-frequency histograms, which drug do you think gave

faster relief from headache pain? Explain.

. Some students get different answers for questions 3 and 5. Why do you think that happens?

How does changing the display change the information you can read from the graph?

. What advantage does the histogram have over the relative-frequency histogram?

. What advantage does the relative-frequency histogram have over the histogram?
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Navigations through Data Analysis

Migraines: Box Plots

_.oals

Practice creating box plots
- Extract information from box plots and use that information to

make decisions
Materials

- A copy of the blackline master “Migraines: Box Plots” for each
student.

Activity

The context and data for this activity are the same as for Migraines:
Histograms. The focus here is on making box plots, extracting informa-
tion from the box plots, and then drawing conclusions. Distribute a set
of activity sheets to each student. The students may make faster
progress if they work with a partner.

Discussion

The range of fifty percent of the data can be determined by looking
at the median and one of the extremes. For example, for drug A, the
lower 50 percent of the data are between sixteen minutes and seventy-

‘ht minutes; for drug B, the lower 50 percent of the data are between
«.ghteen minutes and forty-four minutes. These statistics present a
rather compelling argument in favor of‘drug B, since half the patients
received relief in forty-four minutes or less.

Locating the quartiles helps make a stronger argument. The quar-
tiles are the upper limit of the lower 25 percent and the lower limit of
the upper 25 percent of the data. In conjunction with the median and
the extremes, the quartiles divide the data into four groups, each of
which contains 25 percent of the data. These values form the five-point
summary (see table 3.2).

Table 3.2
The Five-Point Susmmary for the Drug Data

Least Value First Quartile Median Third Quartile Greatest Value

Drug A 16 min 46 min 78 min 94 min 120 min
Drug B 18 min 30 min 44 min 74 min 120 min

For drug A, 25 percent of the data are forty-six minutes or less,
whereas for drug B, 50 percent of the data are forty-four minutes or
less. For drug A, 50 percent of the data are seventy-eight minutes or
less, whereas for drug B, 75 percent of the data are seventy-four min-
ntes or less. Drug B seems clearly to provide faster relief for a greater

zent of patients. We can imagine the same teacher who led the class-
tvom discussion for the previous activity continuing with a discussion
of this activity with box plots:
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Many students have trouble
reading a box plot. They
interpret it to mean that the
farther apart the bars are the
more data the interval includes.
It is important to emphasize the
idea that 25 percent, or one-
fourth, of the data fall in each
interval. This idea can be
reinforced by writing “25%" at
the top of each interval.

It is important to stress in
different ways what can be
inferred about the distribution
of the data from the width of
the intervals. The interval width
does not indicate the frequency
of the data in the interval. Each
interval contains 25 percent of
the data. The interval width
indicates how clustered or
spread out the data are.

64

Teacher:

OK, using the graphs you just made that show the five lines
on the axis, what conclusions can you draw about which drug
is faster?

Sarab: 1 think that drug B is faster.

Teacher:  What s the basis of your decision, Sarah?

Sarab:  OK. Well, there are two groups in drug B below forty-four
minutes and only one group in drug A below forty-six.

Teacher:  So what does that tell me if I get migraine headaches?

Fuan: I know! Half the people who took drug B got relief in forty-
four minutes or less, but only one-fourth of the people who
took drug A got relief in forty-six minutes or less.

Sharika: There’s another way to look at it.

Teacher: OK, Sharika, what is that?

Sharika: Well, you could also say that 50 percent of the people who
took drug A had to keep hurting for at least seventy-eight
minutes, but only 25 percent of the people who took drug B
had to hurt that long.

Teacher: Hmm, so who is correct? Juan or Sharika?

Students: Both. N

Teacher:  But how can that be?

Jamie:  ’Cause it just depends on how you want to say it. There’s lots
of ways that are right as long as you understand the graph.

Teacher:  OK, let’s look at the two graphs for the two drugs. Notice
where the line for the median is located in each box. What
does that tell us about the data?

Megan:  In drug A, the second 25 percent of the data are more spread
out than in drug B.

Teacher:  That’s right. The space between the end of the box and the
median line tells us the range of that quarter of the data.

Kyle: Yeah, so if we know that 25 percent of the data are in each
interval, then the ones that are close together have the data
bunched up, so that should be where the clump or cluster of
the data is.

Extensions

It is interesting to give students a box plot and ask them what the
data might look like. Obviously, many different distributions can gener-
ate the same box plot, so this task could lead to a lively discussion about
which data distribution is the most believable.

For further work using dot plots to compare data sets with unequal
Ns, see “Instructions for Users of Minitools” and Minitool 2 on the
CD-ROM. The sets of data to be used with Minitool 2 Using Dot
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Plots to Compare Data, that are already on the CD include AIDS,
Ambulance, Cardiovascular, Cholesterol Level, Corn, Flu Shots,
Migraine, Recycling, Speed Trap, and Weight. Students can use dot
Jlots to compare two different data sets in different contexts (e.g., data
about several times for two different ambulance companies to reach
destinations) and answer a question about the comparison. The differ-
ent contexts are explained in “Instructions for Users of Minitools.” Stu-
dents can also enter their own data sets as files to use with this software.
Data-entry directions can be found in “Instructions for Users of Mini-
tools.”

All the activities in this chapter involve data sets with unequal Ns.
The contexts in which such comparisons occur are common in the real
world. Typically, these contexts are also complex, so students need time
and experience to develop the kind of reasoning required to analyze
such complex data. Sophisticated reasoning is also required in situations
in which multiple measurements are made on each case—that is, in sit-
uations involving bivariate data. Students can explore bivariate data in
the activities in chapter 4.

Chapter 3: Comparing Data Sets with Unequal Numbers of Elements
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Navigations through Data Analysis

Migraines: Box Plots

Name

The data below show the number of minutes that elapsed before patients, some taking drug A and some
taking drug B, got relief from migraine headaches.

Drug A (106 patients)
16,18, 18, 20, 22, 22, 24, 24, 26, 26, 28, 28, 30, 30, 32, 32, 34, 36, 36, 36, 38, 38, 40, 42, 44,
44, 46, 46, 48, 50, b4, 56, 56, 58, 58, 58, 62, 62, 64, 64, 66, 68, 68, 70, 70, 70, 72, 72, 74,76, 76,
76, 78, 78, 80, 80, 80, 82, 82, 84, 84, 84, 86, 86, 88, 88, 88, 88, 90, 90, 90, 90, 90, 92, 92, 92,
92, 94, 94, 94, 96, 96, 98, 98, 98, 98, 100, 100, 100, 100, 102, 102, 102, 104, 104, 106, 106,
108,108, 108,110, 110, 112, 114,118, 120

Drug B (47 patients)
18,90, 20, 22, 24, 24, 24, 26, 26, 30, 30, 30, 34, 34, 34, 36, 36, 36, 38, 38, 40, 40, 44, 44, 46,
50, 52, 52, 56, 56, 58, 62, 62, 66, 74, 74, 78, 88, 94, 98, 98, 100, 104, 106, 110, 116, 120

One way to represent these data is with dot plots like those below.

Time to Effect of Drug A

s

08?8888880§8?0880o c,%§l 3808§80§3$8§3§

0 20 40 60 80 100 120 140
Time in Minutes to Effect

Time to Effect of Drug B

o 00
o§o§38838§ 80 038080 8 o o o %0 0600 oo

0 20 40 60 80 100 120 - 140
Time in Minutes to Effect

1. Use a vertical line segment that intersects the horizontal axis to mark the median of each data set.

9. What do you know about the number of data values on either side of the median?
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Name

3. On the basis of a comparison of only the medians, which drug appears to provide faster relief?
Explain your answer.

4. Use a vertical line segment that intersects the horizontal axis to mark the median of each half of each
set of data. You should now have three vertical line segments drawn on the dot plot for each data set.
The two new values that you have identified are called the lower quartile (or first quartile) and the
upper quartile (or third quartile).

5. What do you know about the number of data elements in each of the four intervals for drug A?

For drug B?

6. Look again at the lower quartiles, the medians, and the upper quartiles that you marked on the dot plots.
On the basis of a comparison of these three values in the data sets, which drug appears to provide

faster relief? Explain your answer.

. Use a.vertical line segment to mark each extreme (least and greateé%c) value in each data set. You
should now have five values marked in each data set. These five values are called the five-point sum-
mary of a data set.

8. Use the five-point summaries and the axis below to make two box plots. Label the axis and title your
display.

Drug A

Drug B

0 20 40 60 80 100 120 140

9. What can you say about the data for drug A in the first interval compared with the data for drug A in the
fourth interval?
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10. What can you say about the data for drug B in the first interval compared with the data for drug B in the
fourth interval?

11. What does the distance between the vertical line segments tell you about how the data are spread out?

12. The lower quartile for drug A is about the same as the median for drug B. What does that information
tell you about how the speeds of the drugs compare?

13, The median for drug A is about the same as the upper quartile for drug B. What does that information
tell you about how the speeds of the drugs compare?

On the basis of all the information, which drug seems to provide faster relief?

Explain your answer. &
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This plot shows the number of hours students at a middle school spent
doing homework one Monday. Use the plot for Exercises 22-24.

Minutes Spent on Homework
Grade 6 Grade &
ooo0000|0|0O
5565555|1|055
50020005555
556530000555
550|4|000555
00|5|05
Key: 5| 3| O means 35 6|055
minutes forGrade 6 (|7 | 5
and 30 minutes for
Grade & olejo

22. Find the median homework time for each grade.

23. a. For each grade, describe the variability in the distribution of
homework times.

b. Use statistics to explain how the times for sixth-graders compare to
the times for eighth-graders.

24. Could these data be used to describe what is typical of all school nights
in each of the two grades? Explain.

25. Consider the following data set: 20,22, 23,23, 24, 24, and 25.
a. Find the mean and the range of the values.

b. Add three values to the data set so that the mean of the new data
set is greater than the mean of the original data set. What is the
range of the new data set?

¢. Add three values to the original data set so that the mean of the
new data set is less than the mean of the original data set. What is
the range of the new data set?

d. How do the ranges of the three data sets compare? Why do you
think this is so?

Samples and Populations
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Scientific Notation: Operations Practice Answer Key



Name: Date: Period:
Introducing Exponents

A shorter way of writing long product strings of the same factor such as
2X2x2x2x2x2x2,youcan use exponential form. For example, you
can write 2 x2x 2 x 2 x 2 x 2 x 2 as 27, which is read “2 to the seventh
power.”

In the expression 27, 7 is the exponent and 2 is the base. When you
~evaluate 27, youget27— 2X2x2Xx2x2x2x2=128. We say that 128
is the standard form for 27,

1. Write each expression in exponential form.

a. 2X2X2 b. 5x5x5x5

C. 151515151515+ 1.5

2. Write each expression in standard from.

a. 2° b. 3° | c. 4.2°
3. Most calculators have a ~ or a y* key for evaluating exponents. Use
your calculator to find the standard form for each expression.

a. 21° b.  3'° c. 1.5%
4. Explain how the meanings of 5%, 2°, and 5 x 2 differ.

5. Write each expression in exponential form and standard form.

a. 6EXx6x6x6 b. 2.5x25x25x25x%x25x%x2.5
6. Write each expression in standard form.

a. 210 b.. 107 C. 3°



The following expressions are written in expanded form. Write each

one exponential form.

2X2X2X%X2

10-10-10-10-10

2.5x2.5x2.5x2.5

3Xx3x3x3x3x3

6X6X6

1x1x1x1x1

-5 x -5 x -5 x -5

3.2-3.2-3.2

60 x 60 x 60 x 60 x 60

4x4x4x4x4x4x4

2.-2-2--2--2

5-5-5:-5:5

The following expressions are written in exponential form. Write
each expression in expanded form, then write them in standard

form.
210 107 3°
10° 610 1007
24 35 43
28 1° 03




Name: Date: Period:
Introducing Exponents

A shorter way of writing long product strings of the same factor such as
2X2Xx2x2x2x2x2,you can use exponential form. For example, you
can write 2 x2x2x2x2x2x2as 2’, which is read “2 to the seventh
power.”

In the expression 27, 7 is the exponent and 2 is the base. When you

“evaluate 27, youget 27 =2x2x2x2x2x2x2=128. We say that 128
is the standard form for 27,

1. Write each expression in exponential form.

a. 2x2x2 22 b. 5x5x5x5 g

c. 1.5°+15*15*15"*1.5"15"* 1.5 E‘g'?

2. Write each expression in standard from.
a. 25 2.2 b. 3® 3.3.% c. 4.3
3. Most calculators have a ~ or a y* key for evaluating exponents. Use
your calculator to find the standard form for each expression.
a. 21° b. 3% c. 1.5%
408y 0\ 59,049 3315.2573
4.  Explain how the meanings of 52, 2°, and 5 x 2 differ.
52 - 5.5 or|lS] |
25 = 2.2.2:2:2 o [ FL |
Sx L = ] 10 |
5. Write each expression in exponential form and standard form.
a. Ex6x6x6 b. 2.5x25%x25%x25x%x25x%x2.5
‘-?( b & d iﬁ‘a‘ Ao pezs
et of 1290 2.§% or 244, jyoic

6. Write each expression in standard form.

a. 21 072\ b. 102 100 c 39 |19 L83



s

i

The following expressions are written in expanded form. Write each

one exponential form.

2X2x2x2 10-10-10-10- 10 2.5x25x2.5x2.5
.

24 joS 2.5
3x3x3x3x3x3 6X6Xx6 1x1x1x1»x1j
5@ 3 ig
-5 x -5 x -5 x -5 3.2-3.2-3.2 60 x 60 x 60 x 60 x 60
4xX4x4x4x4x4x4 -2--2+-2--2--2 5:5:5:5-5
y' 25 s>

The following expressions are written in exponential form. Write
each expression in expanded form, then write them in standard

form.
210 102
%.@2?1212‘2‘22 \ - i%‘}vm
Qo2 o]
T 6"

V01010101018 p b b b bbbk
CApO0PI0) | oYLl Th
\‘24—w~ = 35

2.2.2.2 3.2.3.3.3
() (243
: —58 = = Mﬂis
1:2”’2‘2‘2‘22&.‘5. bbb 1y

fﬁ%i@




E. Find the value of a that makes each number sentence true.
1. a'2 = 531,441 2. a° = 387,420489 3. a® = 11,390,625
F. Find a value for a and values for the missing digits to make each
number sentence true. Explain your reasoning.
1.4 = 3 2. a8 = 1

ACH Homework starts on page 64.

Operating With Exponents

In the last problem, you explored patterns in the values of a* for different
values of a. You used the patterns you discovered to make predictions.
For example, you predicted the ones digit in the standard form of 412, In
this problem, you will look at other interesting patterns that lead to some
important properties of exponents.

Getting Ready for Problem

@ Federico noticed that 16 appears twice in the
powers table. It is in the column for 2%, for x = 4.
It is also in the column for 4%, for x = 2. He said
this means that 24 = 42, Write 24 as a product
of 2’s. Then, show that the product is equal
to 42,

@ Are there other numbers that appear more than
once in the table? If so, write equations to show
the equivalent exponential forms of the numbers.

Investigation 5 Patterns With Exponents 61



Problem | Operating with Exponents

Use properties of real numbers and your table from Problem 5.1 to help
you answer these questions.
A. 1. Explain why each of the following statements is true.
a. 23x22=2° b. 3% x 33 =37 c. 63x6 =68
2. Give another example that fits the pattern in part (1).

3. Complete the following equation to show how you can find the
exponent of the product when you multiply two powers with the
same base. Explain your reasoning.

a™ X a" =a
B. 1. Explain why each of the following statements is true.
a. 2°x33=¢> b. 53 x 63 =303 c. 10% x 4% = 40*
2. Give another example that fits the pattern in part (1).

3. Complete the following equation to show how you can find the
base and exponent of the product when you multiply two powers
with the same exponent. Explain your reasoning.

amxb”’l: ‘)

C. 1. Explain why each of the following statements is true.
a. 42=0»)r=24
b. 92 = (32)2 = 34
c. 1252 =(5%% =756
2. Give another example that fits the pattern in part (1).

3. Complete the following equation to show how you can find the
base and exponent when a power is raised to a power. Explain.

(amy = 2
D. 1. Explain why each of the following statements is true.
35 A3 46 a1 510 <0
3.3—2—3 b.E—4 C.;(‘)—S

5 5
2. Tom says % = 471 Mary says % = 41—1 Who is correct and why?

3. Complete the following equation to show how you can find the
base and exponent of the quotient when you divide two powers

with the same base. (Assume a is not 0.) Explain your reasoning.
a” _ o

an —

E. Use the pattern from Question D to explain why a¥ =1 for any
nonzero number 4.

ACHE Homework starts on page 64.
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A\ Operating With Exponents

S,

Ui »
Ftg?

Goals

@ Examine patterns in the exponential and
standard forms of powers of whole numbers

& Use patterns in powers to develop rules for
operating with exponents

@ Become skillful in operating with exponents in
numeric and algebraic expressions

Students use the powers table from Problem
5.1 to find special relationships among numbers
written in exponential form. For example, students
may notice that 42 = 2% or (22)2 = 2(2X2)_This is
an example of a general property of exponents:
(@™)" = a™". In this problem, students use
patterns among exponents to formulate several
important properties:

(am)n = gmn
a™ X g" = am+n
a™ X b™ = (a X b)™

am + 4" = a" " (fora #0)

To launch this problem, refer to the completed
powers table. Use the Getting Ready to
encourage students to begin noticing patterns that
will lead to the rules of exponents.

@ Federico noticed that 16 appears twice in the
powers table. It is in the column for 2%, for
X = 4. It is also in the column for 4%, for
X = 2. He said this means that 2% = 42. Write
24 as a product of 2s. Then, show that the
product is equal to 42,
[2:2:2:2=(2-2)-(2-2) =4-4 =47

@ Are there other numbers that appear more
than once in the table? If so, write equations to
show the equal exponential forms of the
numbers. (Use different colors to circle these
numbers. For example, 4 occurs as 22 and as

41,50 22 = 41 Other examples are 8, 64,9, 81,

256, and 729, 4,096, and 6,561.)

Tell students that in this problem, they will look
for a way to generalize these and other patterns
for exponents.

Let students work in groups of three or four on
this problem.

The questions are structured so that most students
should be able to see the patterns. Students look
at specific cases of each pattern first and are then
asked to generalize the patterns.

If students have trouble explaining why a
general rule works, have them connect the general
rule to a specific case. For example, if students
cannot explain why a”* X a* = @™ 7" ask them to
first explain why 3% X 3% = 3. Students should be
able to explain that the product of two 3s and four
3s is the product of two plus four, or six, 3s.

3X3X3X3X3X3=3X3X3X3X3x3
-

two 3s four 3s six 3s
32 34 32+4

Help them generalize this to a™ X a”.
(@ XaX-Xa)X(@aXaxX--Xa)=(aXaX-Xa)

m as nas (m + n) as

am a’ am +n

The key to understanding why the rules of
exponents work is for students to visualize the
structure of a” as the product of a used m times:
aXaXaX...Xa.

5
Part (1) of Question D expresses :—6 as both 471
and %. Students may not be familiar with negative

exponents. They are discussed in ACE Exercise 54,
but students need not fully understand them to

5
complete Question D. The example of ig =41

illustrates that the general rule ‘;—r,’,' = g™~ " holds,

even when the result has a negative exponent.
Instead of using negative exponents, students can
break the rule into two cases:

@IfmZn,then%::-:‘am_”fora#O.

m
o Ifm <, then %5 =;;,-1:7n-fora¢0.

Be sure to check on how students are reasoning

about a°.

Investigation 5 Patterns With Exponents 105
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( Summarize

Ask different groups to present their reasoning
for each part of the problem. Use the completed
powers table to illustrate the rules. For example, the
rule @ X a" = @™ * " can be illustrated by looking
at any column. The 3* column is highlighted in
Figure 3. Multiply two numbers in this column,
for example, 9 X 81 = 729. The exponent for
729 is the sum of the exponents for the factors
(3% x 3% =32 T4 = 35 Ask students to give other
examples. To understand the rules, it is essential
that students see 3% X 3% as six 3s multiplied
together:3 X 3 X 3 X 3 X3 X 3.

This would be a good time to ask students to
explain the differences between 3*,3x, and 3 + x.

The factors can be rearranged to form a string of
four (2 X 4)s, or four 8s.

2X2X2X2)X (AX4X4X4) =
CXHYX2ZXHX2XA)X2X4) =
8x8x8x8=28

Use the table to illustrate the other rules in a
similar way.

Check for Understanding
Have students write numeric expressions, such as
the following, in simpler exponential form:
25 x 26 34 x 26

2 6
Depending on the goals for your course, you
might also ask students to simplify algebraic
expressions like these:

The rule a” X b" = (a X b)" is illustrated by N3 6.4  x*x3
: . 4. (x°) xt =
looking at any row. The row corresponding to a” is x
highlighted in Figure 3. Multiply two numbers in True or false:
this row, such as 16 X 256 = 4, 096. In exponential 2x22=6 42 + =8
form, this is 24 X 4% = 84, Students should think 5 x25=5° 184 = 3% x 6*
of a string of four 2s followed by four 4s.
Figure 3
Powers Table
X 1 5% 6" 7 8 9 10*
1 1 5 6 7 8 9 10
2 1 25 36 49 64 81 100
3 1 125 216 343 512 729 1,000
4 1 625 1,296 2,401 4,096 6,561 10,000
5 1 3,125 7,776 16,807 32,768 59,049 100,000
6 1 15,625| 46,656 117,649| 262,144 531,441 1,000,000
7 1 78,125| 279,936 823,543| 2,097,152 | 4,782,969 | 10,000,000
8 1 390,625|1,679,616 |5,764,801| 16,777,216 | 43,046,721 | 100,000,000
Ones 1 5 6 7,9,3,1| 8,4,2,6 9,1 0
Digits of
Powers
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2 N Operating With Exponents

" Mathematical Goals

PACING 13 days

¢ Examine patterns in the exponential and standard forms of powers of
whole numbers

@ Use patterns in powers to develop rules for operating with exponents

@ Become skillful in operating with exponents in numeric and algebraic
expressions

{ Launch _»/?

T

Refer to the completed powers table. Use the Getting Ready to encourage
students to begin noticing patterns that will lead to the rules of exponents.

Tell students that in this problem, they will look for a way to generalize
patterns for exponents.

Let the class work in groups of three or four.

o
Materials

. # Transparencies 5.2A
. and5.2B

% Students’ completed
- tables from Problem
. 541

|
Y )j?

{ Bxplore

asked to generalize the patterns.

< R
Summarize /;

,//””
The questions are structured so that most students should be able to see the
patterns. Students look at specific cases of each pattern first and are then
The key to understanding why the rules of exponents work is for
students to visualize the structure of a™ as the product of a used m times.
Be sure to check on how students are reasoning about a°. s l
,/"” VVM%&
'~ Materials ’

Ask different groups to present their reasoning for each part of the problem.
Use the completed powers table to illustrate the rules. For example, the rule
a™ X g" = ¢™ " can be illustrated by looking at any column. Multiply two
numbers in this column, such as 9 X 81 = 729. The exponent for 729 is the
sum of the exponents of the factors (32 X 3% = 32+ 4 = 36) Ask students to
give other examples.

This would be a good time to ask about the differences between 3x, 3%,
and 3 + x.

Check for Understanding

Have students write numeric expressions, such as the following, in
simpler exponential form:

25 x 26 34 x 26

2? 6

Depending on the goals for your course, you might also ask students to

simplify algebraic expressions like these:
4,3
(x)3 xOxt XX

x7

& Student notebooks
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ACE Assignment Guide
for Problem 5.2

Core 10-27,31

Other Applications 28-30, 32-41; Connections
46-48; Extensions 56-63; unassigned choices from
previous problems

tatad

Sotiomes, Bie SRS simngg

Adapted For suggestions about adapting
Exercise 31 and other ACE exercises, see the
CMP Special Needs Handbook.

Connecting to Prior Units 46, 47: Filling and
Wrapping and Stretching and Shrinking; 48:
Prime Time

Answers to Problem 5.2

A. 1. Students may calculate each product to
verify the equality. For example, in part (a),
23 X 22 = 27 is true because 8 X 4 = 32.
Others may reason that the left side has 2
used as a factor 5 times, which is equal to
32 or 25, They may also note that
B x22=(2X2X2)X (2x%x2)=25

2. Examples will vary.

3.a™ X g" = @™ * " This is true because the
left side of the equality has a as a factor
m + n times. Or, some will write out:

a" X a"=(axXaX-Xa)yX(aXaX--Xa)

m times n times

am a

:(aXaX"-Xa)=am+”
| —
(m + n) times
am +n
B. 1. Students may evaluate both sides or use the
definition of exponents and the
commutative property of multiplication:
2:2-2-3:-3:3=2-3)2-3)(2-3) =
2-3P°=6
2. Examples will vary.

3. 4™ X b™ = (ab)™ Students can generalize
the argument in part (1):

a™ X b" = (a X aX-Xa)X (bXbX-Xb)

m times m times
a™ b
= (ab X ab X---X ab) = ab™
m times
ab™

108 Growing, Growing, Growing

C. 1. Some students will just evaluate both sides.

Here is a symbolic argument for part (a):
2 =4x4=22x22=(2%2=
2X2x2x2=24

2. Examples will vary.

3. (@™)" = ™"

Students can think of (a™)" as @’ used as a
factor » times. Each &' is a string with a
used as a factor m times. In all, there are n
strings of m as or nm as. Symbolically,

(am)n — am X am XX gm

n times
= (a a...a) X (a a..-a) X X (a a...a)
\~,—V_/ %,—/ R R ——
m times m times  m times
n times
= ghn

. 1. Students can evaluate both sides or write

the numerators and denominators as factor
strings, and then simplify so there are no
common factors in the numerator and
denominator.
3¥_3-3-3-3-3
32 3-3

46 4-4-4-4-4-4

=3.3.3=33

S 4-4-4-4-4 =4

4$_ 4-4-4-4-4 1
464444444

50 5.5.5.5. 555_150
510 5-5-5-5- -5.5-5

2. Examples will vary.

a”_ m—n
3.5=a

m
Some students may claim that Z—,, =gn "
will lead to negative exponents if m < n.
This is an opportunity to define a™" as fg

an

n .
. a—n=a”_"= ao,butfg= 1,50 a® = 1. This is

a subtle point. Some students might say that
in the expression a°, a is used as a factor 0
times, so the product should be 0. Some will
use the same argument to say a® should be 1.
Using the rules provides a logical argument
that should help most students. Once a™ " is

defined as ;11,;, the logic becomes a bit clearer.



Nome Date Period
Investigating Exponents:

Sawe Bease amd Powser o e Pouser

Identify the parts of the expression: —> nX <
= The of an exponential expression is the factor being multiplied.
= The tells us how many times to multiply the base by itself.
= An exponent is sometimes called a
Exponer{ﬁal Expanded Product Total quber of %l;l]:g;_:ll;: ESxi;:)I;liﬁ:i(;l
Expression Factors (from column 1) Expression
7% 73 (T*T*T*T*7)(T*7*7) 8 factors 5+3=28 78
4%% 43 D factors
(-8)'(-8) D factors
7272 D factors
x> *x0 D factors
(-r)' (-r)’ D factors
y5*y2 D factors
(-10)°(-10)° D factors
(©)'(©) D factors

IN CONCLUSION:

= Do you notice a pattern in columns 3 and 4? Explain what you notice.

= When two or more factors in an exponential expression have the same base, you can
simplify the expression by




POWER TO A POWER

Total

Product of

. st Simplified
Exponen.tlal 1 2" Expanded Product Number the Exponential
Expression | Expanded Product of Exponents E .
xpression
Factors
(7 (7°)(7°) (TETETTXTNT*T*T*T*T) | 10 5%2 =10 7'
4%
((-8)"’
(2100)0 0 100*0 =0 1
(x))'
[(-n'T
D'
[(-10)° T
L (@Y

IN CONCIUSION:

= Do you notice a pattern in columns 4 and 5? Explain what you notice.

= An exponential expression when a base raised to a power, is raised to another power, you

can simplify the expression by




Name vl Date Period
In\}ésﬂigaﬂing Exponents:

Sawe Beise and Power o d Powser
| x & ¢xponent

base

Identify the parts of the expression:

. The 25T

« The €X povien

of an exponential expression is the factor being multiplied.

tells us how many times to multiply the base by itself.

= An exponent is sometimes called a P 9W €&

Exponential Total Number of Sum of the Smellﬁe.d
Ex . Expanded Product Fact Exponents Exponential
pression actors .

(from column 1) Expression
7o%73 (T*T*T*T*T)(T*7*7) 8 factors 5+3=8 78
ERYIRY . Y S
4743 Lé 4 ) (M4 %{> factors 1+ ?3 = § L‘i’g‘

,, (-8)'(-8)’ B fuctors| WHl=S -3

- 22472 f} "BX 2:2) o

NER {'}f,‘ga%,}é.xx ;) E

('ery |V X-ve-eer) B ‘ Y

St Y Y YY) ) e | 53227 N
2

[y % 4
‘““3%3 “10- & ~10--1--10/ & factors 3Y3 =l = {}W
&
J

factors | 2+ 4% Y 2 Y

factors 5%' 0-° g :}{
43 =4

factors

(-10)’(-10’
@@© |WWIL)
IN CONECL-USION:

factors i +1= 2‘ “ i:__f

= Do you notice a pattern in columns 3 and 4‘7 Explaln what you notice.
LINEN o aadd CEPUAeTTE | Maade o
Vi v w;i %ﬁ;\ g ﬁ €, o *Z?ngf?
= When two or more factors In an exponential expressmn have the same base, you can
simplify the expression by _ {.€€ XE"% na He  base Cilv’“* 2

H
L
EVAR S W N {e;% ¥ “?é{i;
ex ﬁf /"{ : é;" A { L S s
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POWER TO A POWER

[
e

| ) . Total Product of Simplified
%;I;;l::it(::] Expandeld Product 2" Expanded Product Nm(])lfber Expt(:llfents I;ngponen.tial
Factors xXpression
7y ()7 (T¥T*T*T*TYT*T*T*7*7) | 10 5%2 =10 710
TN U0 O Cpl (8 CRP RO W N IS e
y 4 -8. -8 -
((—8)4)2 Q?)qxl '8 ) - . -0 -0, -B) % - 8 =
(21998 }g§ \‘ | o |100*0=0 1
o | L) -y (-v) 2 1222 |~y *
")’ \ \J y )8 1-1 =1 }j
e—‘fﬁ ) - - - l‘o
[(-10)* ] (393)(’ X’ ) ~10--10:710:710-16-18 (5 22| —\D
PO | oo con oo . v\
@ [BEGEY poeosvose] g a9 | ()

IN CONCI-USION:

= Do you notice a pattern in columns 4 and 57 Explain what you notice.
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Name Date Period _
Zero and Negative Exponents

Quick Review

Use what you know about exponents to write each of the following expressions in expanded
form and with a single exponent.

Try These
Now, do the same process with these new problems. Write each of the following expressions
in expanded form and with a single exponent.

4
X
d);rz =

w

h) < = -

C

L\ 9°
»l)—9—8—= =

Look at all the problems you have done so far. How can you tell what type of exponent will
result simply by looking at the original expression?



Exponent Patterns

This table supports what you have learned about negative exponents and exponents of zero.
To go down any column of the table, you divide by 5. Notice that each time you divide,the
exponent decreases by 1. Look at the patterns and complete the table.

Exponential Form Expanded Form Fraction Form

5¢ 5-5-5-5 625

53

52

51

50

5—1

Conclusions

b’ = b = (and b" = )




Hame

Date Period
Zero and Negative Exponents

Noew yow tryl
Rewrite using a single exponent.
a d’ 56

8 10 = =
a d

Rewrite using a negative exponent.

g 24 x’
oo = z

g 2410 3

Rewrite using a positive exponent.

3 2 20
v 8 c
- —

r 87 P

These problems are MEGA-challenging! Try at least ___ problems. Simplify.

PEIAL ~ c2de ~ 1050 ~
a3b17 - C6d4e4 - m4n3 -
81r° 20x°y” _ —-10f° 3
97”5 - 4x5y20 - an -
viw'? _ Jjk ~15p4
NENER jeka 4



Name ‘ Date Period
Zero and Negative Exponents

Quick Review
Use what you know about exponents to write each of the following expressions in expanded
form and with a single exponent.

S S 575 5 20 28 <\/§ qass

a) 27 - V\?& = \

y TS

6 232223 (32 -y~
b) -iT - ,ﬁ z : 'rg ‘f'g ‘ = \\__, -

v E A L LYY

., ppppAAnInG o-b= Y
o - A nnay | nt

n 6 S
Try These

Now, do the same process with these new problems. Write each of the following expressions
in expanded form and with a single exponent.

Look at all the problems you have done so far. How can you tell what type of exponent will
result simply by looking at the original expression?

DU SWUbtrared Hne b oHE A /
eYPonent —frovn Hu e one.



Exponent Patterns
This table supports what you have learned about negative exponents and exponents of zero.
( To go down any column of the table, you divide by 5. Notice that each time you divide,the

exponent decreases by 1. Look at the patterns and complete the table.

Exponential Form Expanded Form Fraction Form

5* 5-5-5:5 625

5° 5.6.§ \2.$

52 5.5 2

5! 5 5

5¢ ! |

5 < /s

> s 2

C 57 S3< s

i s"’t?as‘” S \bas
Conclusions
=1 = (a%\q b




Name Date Period
Zero and Negative Exponents

Noew gow tryl

Rewrite using a single exponent.

) ;T ) T
43/ 3;}59/
A d" g Pt .W_f ;"T&" 5 50 =~ J
oy | |
Ld*)

Rewrite using a negative exponent. o
B ) — .

gIO _—’ "a :f 245 B ‘5 }j.» -
SN e M oo X"t

t
i
| A
Rewrite using a positive exponent.
=1 T | g " e | PO R,
g ;Z g Tz

These problems are MEGA-challenging! Try at least ___ problems. Simplify.
a5p'° _ {3\?" ctd’e 0‘ 3 1::01’150 ~

317 6 74 4
a’b e c'd’e

b7 e




64

Predict the ones digit for the standard form of the number.

1. 7100 2. 6200 3. 17100 4. 3110 5. 12100 firilipe &m X
For: Pattern Iterator
Visit: PHSchool.com
For Exercises 6 and 7, find the value of a that makes the number sentence  Web Code: apd-3500
true.

6. a’ = 823,543 7. a® = 1,771,561

8. Explain how you can use your calculator to find the ones digit of the
standard form of 330,

9. Muitiple Choice In the powers table you completed in Problem 5.1,
look for patterns in the ones digit of square numbers. Which number
is not a square number? Explain.

A. 289 B. 784. C. 1,392 D. 10,000

Tell how many zeros are in the standard form of the number.

10. 1010 11. 10° 12. 10100

Find the least value of x that will make the statement true.

13. 9% < 10* 14. 314 < 10¥

For Exercises 15-17, identify the greater number in each pair.

15. 610 or 710 16. 810 or 108 17. 6% or 99

18. Multiple Choice Which expression is equivalent to 27 x 2107
F 2% G. 2V H. 419 J. 218

Use the prdperties of exponents to write each expression as a single
power. Check your answers.

6 v @b 53 815
19. 59 x 8 20. (7°) 21. o0

Growing, Growing, Growing



For Exercises 22-27, tell whether the statement is true or false. EGO winline

Explain. HSchool.com
For: Multiple-Choice Skills
22. 63 x 65 =68 23. 23 x 32 =¢° Practice
Web Code: apa-3554
24, 38 = 94 25. 43 + 53 =93
12
26. 23 + 25 = 23(1 + 29 27. 2= 53
5

28. Multiple Choice Which number is the ones digit of 210 x 3109
A.2 B. 4 C. 6 D. 8

For Exercises 29 and 30, find the ones digit of the product.
29. 415 x 31 30. 715 x 420

31. Manuela said it must be true that 210 =24 .26
because shecangroup2+:2:2:2+:2:2:2+:2-2-2
as(2+2+2-2)-(2:2-2-2-2-2). .2-2-2:2=2
a. Verify that Manuela is correct by evaluating

both sides of the equation 210 = 24 . 26,

b. Use Manuela’s idea of grouping
factors to write three other
expressions that are equivalent to
210 Evaluate each expression you
find to verify that it is equivalent
to 210,

c. The standard form for 27 is 128, and
the standard form for 27 is 32. Use
these facts to evaluate 212 Explain
your work.

d. Test Manuela’s idea to see if it
works for exponential expressions
with other bases, such as 38 or
(1.5)!1. Test several cases. Give an
argument supporting your
conclusion.

Investigation 5 Patterns With Exponents 65
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Tell whether the expression is equivalent to 1.251%, Explain your reasoning.

32. (1.25)° - (1.25)° 33. (1.25)% x (1.25)7
34. (1.25) X 10 35. (1.25) + 10
36. (1.25°)2 37. (1.25)° - (1.25)?

For Exercises 38—41, tell whether the expression is equivalent to 1.5)".
Explain your reasoning.

38. 1.5° x 1.5? 39. 1.5% x 1.5%
40. 1.5 X 7 41. (15) +7
42. Without actually graphing these equations, describe and compare Homework

Help (@nline
HSchool.com

y = 4% y= 0.25% y = 10(4x) y = 10(0'25)() For: Help with Exercise 42
Web Code: ape-3542

their graphs. Be as specific as you can.

43. Each graph below represents an exponential equation of the form
y = ab*.
a. For which of the three functions is the value of a greatest?

b. For which of the three functions is the value of b greatest?

y = abX*
Graph C Graph B

Connections

For Exercises 44 and 45, tell whether the statement is true or false. Do not
do an exact calculation. Explain your reasoning.

44. (1.56892 x 10°) — (2.3456 X 10%) <0
5. 3.96395 X 10°
2888211 X 107

Growing, Growing, Growing



Name

Date Class

Skill: Simplifying Exponential Expressions

Investigation 5

......................................................................................................................

Find an equivalent expression.
1.32.3

2. 1314
3. 54.53
4. 458452

5 33.3.34

Replace each [ ] with =, <,0r >,
6. 33 13-37 7. 4917272

Simplify each expression.
(=3)¢

9. 3)°

10. =

11.

12. =

13.

60

Growing, Growing, Growing

8. 5°.54[]252

"paniasal Bl [y “[IPH @d4ualq uosinaq sb Buysignd “uj ‘uouonp3 uosieg @
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Name Date Class

Additional Practice

----------------------------------------------------------------------------------------------------------------------

Growing, Growing, Growing

1. In parts (a)—(f), write the expression in an equivalent form using exponents.
Then write the expression in standard form.

a. 25x2° b. 43 x 25
4 3¢

c. 25 d. 3

e. 102 x2x5 f. 3¥x23

2. In parts (a)—(d), find the units digit of the standard form of the expression.
a. 1210 b. 1123

c. 2319 d. 17Y7

3. Consider these three equations: y = 0.625%, y = 0.375%,and y = 1 — 0.5x.
a. Sketch graphs of the equations on one set of axes.

b. What points, if any, do the three graphs have in common?

¢. In which graph does the y-value decrease at a faster and faster rate as the
x-value increases?

4. Decide whether each statement is true or false. Explain your reasoning.
a. 35+ 35 =310 b. 5*+2¢ =74

59
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Name Date Class

Skill: Using Exponents

......................................................................................................................

Growing, Growing, Growing

Write each expression in exponential form.
1.3 X3X3X3x%x3 2. 27 X27xX27

3. 2X2X2X2X2X2 4. 4 X4 X4X4X4X4X4X4

Write each expression in standard form.
5. (0.5) 6. (2.7)?

7. 23 8. (8.1)3

Write each number in scieﬁtific notation.
9. 480,000 10. 960,000

11. 8,750,000 12. 407,000

47



Name Date Period

l-e®’s Preactice Exponents

b 5
4
1. b 2. 410, 510 3. 2%« b? ed
a'b?
4. (81 5. a’b 6. 2> +a*
12¢%d?
7. 6c'd 8. a’e b 9. 23 .27
10. (a’b)’ 11. m? + m’ 12. Y’
4 r2 4 3
13. 47«4 14. e{ : 15, 20abc
e’ f 4ab
b20 29
16. = 17. (2ab’) 18. 5«72 e6%e 7"
6
19. b ¢’ 20. 3°+2° 21 =
e
22. (3a%bh’ 23 83.¢ 24. 20448
47 6 -1 2,8
2. o 26. beb 27. (109
212
28. ¢*ed? 29, 40 30. Feddec?d?
a

31. (b’d%)’ 32.3%7* 33. 2%« bt e b’



34

37.

40.

43

46.

49.

. (2deD)?

10*+10°

35.

38.

41.

44,

47.

50.

1012
10°

Qd%)’

36.

39

42.

45

48

. (b%e)(2ce)

. (5b%Y



Name K/@{/X
U

Date Period
leet’s FPractice Exponents
s t
b b
0
. b 410,510 ’L{)‘ 3. a2 bt ed’
o’ bt
a'h’ 2.b
4, (8-2)4 6—8 5. a'b A 6.a° +a a_b
1204d2 ?_ 3
7. 6c’d 1¢d 8. a+ b (049) 9. 2% . 2" 2.’%
10. (a’b)’ Q“" 503 1. m? » m’ sﬂf}f’ 12. (Y’ 4;;1@
1. 4 %.‘% e4f2g4 k‘é’ 20 b3c . ':L
13, 474" Y 14—, e‘? 15. —‘\1—4&]) Sb C
+
I P \ 2.2 3.2, 2 4
16. — (@ Y 17. (2ab") 18. 5777 +6 7
b U2t 53,2 7
19. be ¢’ Ua(,)g 20. 3°-2° (,° 20 5 e?
22. (32"’ qaﬂo% 23. 828’ %'13 24, 2%.4° %‘"
s A L{i" 26. bCeb b"‘m 27. (109% e
. 26, . \D
4 4 f -4 a’b? A 2 3 2 4
28. ¢+ d (Cd) 29. oo 30. ed’ec’d
A a Y -
ctd
C 31 (b°d%e)’ bé’d”gg 32. 347" fzg“? 33. 2%+ bte b’



. 2y Ude “

4 -6 "“2-—
37. 10«10 ID

£ O
40. a'%. ¢ i,d @)

43. 4% 32.3%. 57

45.3%.5%
46. 677 Y *

49. a* - b (ab)*

35.

38.

41.

44.

47.

50.

ey’ DA “%e?

2,C

(9

g8 9
a °a

42 .55
4577

10

5‘1(,,

a"i

36

39

42.

4

n

48

(972
5 -4

q =
_ (ez f4g3)2

o 'ﬁ 93@
147¢ %k{*z’

1478

- (bPe)(2c0) ) et
. (5b%Y

128 e @



Name: Date: Period:
Introducing Large Numbers in Scientific Notation

Numbers used in scientific work are often very large.

e For example, there are about 33,400,000,000,000,000,000,000 molecules in 1 gram of
water.

e There are about 25,000,000,000,000 red blood cells in a human body.
e According to the 'Big Bang’ theory in astronomy, our universe began with an explosion
18,000,000,000 years ago, generating temperatures of 1,000,000,000,000° Celsius.

A calculator is a useful tool for working with large numbers. However, to use your calculator
effectively, you need to understand the special way it handles very large and small numbers.

A. Try entering 25,000,000,000,000 on your calculator. Does your calculator allow you to

enter all the digits? If you are using a graphing calculator, press| ENTER | after you

enter the number. What do you think the resulting display means?

B. Use your calculator to find 500,000 x 500,000. What do you think the resulting display
means?

The product of 500,000 x 500,000 is 250,000,000,000. However, when you tried to compute
this product on your calculator, the display probably showed one of these results.

2.5E11 or 2.5 11

Your calculator did not make a mistake. It was using a special notation.

To understand your calculator’s notation, let’s start by looking at a short way to write
100,000,000,000:

100,000,000,000 10x10x10x10x10x10x10x 10x 10 x 10 x 10

— 1011

In the notation 10! 10 is the baseand 11 is the exponent. The exponent tells you how
many times the base is used as a factor. You multiplied 10 by itself eleven times, which is why
your exponent is 11.



We can use this short way of writing 100,000,000,000 to find a short way to write
250,000,000,000:

250,000,000,000

2.5 x 100,000,000,000
= 25 x 10"

In2.5 x 1011, what is the base? What is the exponent?

> The number 2.5 x 10! is written in scientific notation. A number is written in
scientific notation if it is expressed in the following form:

A number greater than or equal .
to 1, but less than 10 X 10 raised to an exponent

> Scientific notation looks a little different on a calculator. Your calculator was using
scientific notation when it displayed

2.5E11 or 2.5 11

Both of these displays mean 2.5 x 10,

> This example shows how you would use scientific notation to write 4,000,000:

4,000,000 4.0 x 1,000,000
40x10x10x10x10x10x 10

4.0 x 10°

C. How would your calculator display this number?

D. Write each number in standard notation.
i 10 i.  10M

i, 1013 iv. 10



E. Write each number in shorter form by using an exponent.

i 10x10x10x10x10x10x10x10x10x10x 10x 10

i 1,000,000

F. Write each number in standard notation.

. 3.0 x 10°

i. 2.5x10%3

i.  1.75x 100

G. Write each number in scientific notation.

i. 5,000,000

i. 18,000,000

iii.  17,900,000,000

H. Look at the calculator displays below. Write each number in standard notation and
scientific notation.

1. 1.7E12 or 17 12
2. 1.7E15 or 1.7 15
3. 2.35E12 or 235 12

4. 3.368E16 or 6.698 16




Name: Keﬂ Date: Period:

Introducing Large Numbers in Scientific Notation

Numbers used in scientific work are often very large.

o For example, there are about 33,400,000,000,000,000,000,000 molecules in 1 gram of
water.

o There are about 25,000,000,000,000 red blood cells in a human body.

e According to the 'Big Bang’ theory in astronomy, our universe began with an explosion
18,000,000,000 years ago, generating temperatures of 1,000,000,000,000° Celsius.

A calculator is a useful tool for working with large numbers. However, to use your calculator
effectively, you need to understand the special way it handles very large and small numbers.

A. Try entering 25,000,000,000,000 on your calculator. Does your calculator allow you to

enter all the digits? If you are using a graphing calculator, press| ENTER | after you

enter the number. What do you think the resulting display means?
ONSWEYS will vavy

-
B. Use your calculator to find 500,000 x 500,000. WPat do you think the resulting display
: tuligder |
means? 1< % “)Et ma{giﬂﬁf%'
—

The product of 500,000 x-500,000 is 250,000,000,000. However, when you tried to compute
this product on your calculator, the display probably showed one of these results.

2.5E11 or 2.5 11

Your calculator did not make a mistake. It was using a special notation.

To understand your calculator’s notation, let’s start by looking at a short way to write
100,000,000,000:

100,000,000,000

10x10x10x10x10x10x10x10x10x10x 10
_ 10t

In the notation 10! 10 is the baseand 11 is the exponent. The exponent tells you how

‘many times the base is used as a factor. You multiplied 10 by itself eleven times, which is why
your exponent is 11.



We can use this short way of writing 100,000,000,000 to find a short way to write
250,000,000,000:

250,000,000,000 = 2.5 x 100,000,000,000
= 2.5 x 10"
]
In2.5 x 1011, what is the base? lO What is the exponent? ' ,

> The number 2.5 x 10" is written in scientific notation. A number is written in
scientific notation if it is expressed in the following form:

A number greater than or equal .
to 1, but less than 10 x 10 raised to an exponent

> Scientific notation looks a little different on a calculator. Your calculator was using
- scientific notation when it displayed

2.5E11 or 2.5 11

Both of these displays mean 2.5 x 10,

> This example shows how you would use scientific notation to write 4,000,000:

4,000,000 4.0 x 1,000,000 ,
40x10x10x10x10x10x 10
4.0 x 10°

I

I

C. How would your calculator display this number?

of YEe”

D. Write each number in standard notation. 000
oo
. 102 ]0,000,000,000,000,00% ~ i 19! }pp, 000,000,000

i, 1043 iv. 10"
| 0,000, DDD, 000, 600 10, 000,000, 00D



E. Write each number in shorter form by using an exponent.

i 10x10x10x10x10x10x10x10x10x 10x 10 x 10

ii. 1,000,000 .

F. Write each number in standard notation.

. 3.0 x 10°

3)0 OO 000,000

i 25x10% 250000000 v QEQ ©o

i.  1.75x 10'°

G. Write each number in scientific notation.

i. 5,000,000

ii. 18,000,000

. 17,900,000000 | 79 x |

l”‘ﬁS’OQp@@p@ 0
5% 1D°
|8 x 1D

10

H. Look at the calculator displays below. Write each number in standard notation and

scientific notation.

1. 1.7E12
2. 1.7E15
3. 2.35E12
4, 3368516

or

or

or

or

Standavd
1.7 12 1;0@@%&& gpovu
1] 1709peopegRogoss
2:,5*1)}{}9&}90 Qooo
235 12
6.698 16

saenhfie
[.7 x| D'%




NAME DATE PERIOD
More with Scientific Notation: Large & Small Numbers

Did you know that there are approximately 75,000 genes in each human cell and more
than 50 trillion cells in the human body? This means that 75,000 ¢ 50,000,000,000,000
1s a low estimate of the number of genes in your body.

Whether you use paper and pencil, an old-fashioned slide rule, or your calculator,
exponents are useful when you work with very large numbers. For example, instead of
writing 3,750,000,000,000,000,000 genes, scientists write this number more compactly as
3.75 x 10". This compact method of writing number is called scientific notation. You
will learn how to use this notation for large numbers—numbers far from 0 on a number
line.

Consider these two lists of numbers.

In scientific notation Not in scientific notation
3.4x10° 27 x 10*

7.04x 10° 120,000,000

6.023 x 10" 42.682 x 10%

8 x 10’ 4.2x12°

1.6 x 10? 4% x 10°

Now you try! Classify each of these numbers as in scientific notation or not. If a number
1s not in scientific notation, tell why not.
a) 4.7x10°

b) 32x10°

c) 2* x10°

d) 1.107x 10"
¢) 0.28x 10"

Define what it means for a number to be in scientific notation.




Use your calculator’s scientific notation mode to help you figure out how to convert
standard notation to scientific notation and vice versa.

e Set your calculator to scientific notation mode.

e Enter the number 5000 and press ‘Enter.” Your calculator will display its version
of 5x 10°. Fill in the top row of the table below with your results.

e Now complete the rest of the rows in the table below.

Standard Notation | Calculator Notation | Scientific Notation

5000 5x10°

140,000,000

-4'7,000

Try to complete the next table WITHOUT using a calculator.

Standard Notation | Calculator Notation | Scientific Notation

7,000,000
18
-5,530
9.24x 10"
-8.613x 10"
5x 10"
-1.7x 10°

e In scientific notation, how is the exponent on the 10 related to the number in
standard notation?

e How are the digits before the 10 related to the number in standard notation?




e If the number in standard notation is negative, how does that show up in scientific
notation?

Write a set of instructions for converting 415,000,000 from standard notation to scientific
notation. Assume the person reading your instructions does not have access to a
calculator.

Write a set of instructions for converting 6.4 x 10° from scientific notation to standard
notation. Assume the person reading your instructions does not have access to a
calculator.




You can also use negative exponents to write numbers close to 0 in scientific notation.
Just as positive powers of 10 help you rewrite numbers with lots of zeros, negative
powers of 10 help you rewrite numbers with lots of zeros between the decimal point and a
nonzero digit.

Practice converting from standard notation to scientific notation and vice versa by
completing the table below. Use your calculator for the first 4 rows, and then try to do
the rest without a calculator.

Standard Notation | Calculator Notation | Scientific Notation

0.0000817

0.062

-0.000004905

0.00000000003

0.0000012
-0.000704
3.8x107"
5x10~°
-4.107x 107

Write a set of instructions for converting 0.0000000014 from standard notation to
scientific notation. Assume the person reading your instructions does not have access to
a calculator. '

Write a set of instructions for converting 9.58 x 10~ from scientific notation to standard
notation. Assume the person reading your instructions does not have access to a
calculator.




NAME DATE PERIOD

More with Scientific Notation: Large & Small Numbers

New gowu tryl
Convert each number from standard notation to scientific notation.

a) 6,700,000

b) 8,000,000,000
c) -19,000

d) 205,006,000
e) 0.00000099
f) -0.00004

g) 0.0000000105

h) A pi meson, an unstable particle released in a nuclear reaction, “lives” only
0.000000026 second.

Convert each number from scientific notation to standard notation.
a) 9.23x 10’
b) 8x10*
c) 4.006 x 10°
d) -3.1x10"
e) 7.842x10°°
) -1.03x107°
g) 5x 107"

h) The mass of an electron is 9.1 x 10" kilogram.



NAME W DATE PERIOD

More with Scientific Notation: Large & Small Numbers

Did you know that there are approximately 75,000 genes in each human cell and more
than 50 trillion cells in the human body? This means that 75,000 ¢ 50,000,000,000,000
is a low estimate of the number of genes in your body.

Whether you use paper and pencil, an old-fashioned slide rule, or your calculator,
exponents are useful when you work with very large numbers. For example, instead of
writing 3,750,000,000,000,000,000 genes, scientists write this number more compactly as
3.75 x 10"®. This compact method of writing number is called scientific notation. You

will learn how to use this notation for large numbers—numbers far from 0 on a number
line.

Consider these two lists of numbers.

In scientific notation Not in scientific notation
3.4x10° “ 27 x 10°

7.04 x 10° 120,000,000

6.023 x 10" 42.682x 10%

8 x 10’ 4.2x12°

1.6 x10° 4% x 10°

Now you try! Classify each of these numbers as in scientific notation or not. If a number
is not in scientific notation, tell why not.

a) 47x10° yE€S

5 ot e ¢ Lrek number should e
) 922107 MO LEEAUSE WY, ey cen | and 10

¢ 2¢x10° ND PELAUSE NOuy [of 3 gshould net have A2 onend
d) 1.107x 10" YES |

¢) 028x10" Y10 beCAUSE 1} shouwid be 2,8x10'°

Define what it means for a number to be in scientific notation.
The Number 18 foctored s Hha+ the
Art ‘Fa{,ﬁr 15 petween 1 10 and
+he seiong é‘%wﬁ%ﬁ» 1§ e powek of 10,




Set your calculator to scientific notation mode.

Enter the number 5000 and press ‘Enter.” Your calculator will display its version

Use your calculator’s scientific notation mode to help you figure out how to convert
standard notation to scientific notation and vice versa.

of 5x 10°. Fill in the top row of the table below with your results.

Now complete the rest of the rows in the table below.

Standard Notation Calculatof Notation | Scientific Notation
5000 G gl 5% 10°
140,000,000 .y e? 4% j0°
-47,000 - l;.?éq -4 7x 1of

Try to complete the next table WITHOUT using a calculator.

Standard Notation C&\CU"\G’%{?&%‘ oA Scientific Notation

7,000,000 ’I E,.b %) D"’

" | €' Lg X 10

5,530 " 53100

€14:00p00p OO 9,24 '° 9.24x 10"

- §fo1Z000000000 | -B.LIBE'Z -8.613x 10"

50000 gé‘% 5x10*

.470100@ -17e% 1.7 % 10°

e In scientific notation, how is the exponent on the 10 related to the number in
standard notation?

Hothe # of Adigits LolloVing Yhe At digit nthe
OYiginad niumiaer
e How are the digits before the 10 related to the number in standard notation?
They show _dihe sigpihcant digids i Hae
oY’ {j}‘v’}.%& Nunieé .




e If the number in standard notation is negative, how does that show up in scientific

noalon‘?
rr | factor 1n caecnvbfe notaton ig
azsa nfgaﬁm.

Write a set of instructions for converting 415,000,000 from standard notation to scientific

notation. Assume the person reading your instructions does not have access to a
calculato

\;\)ﬁli(— WS vy oné didit bedave decimed (tMi‘;:) ‘%:9%3‘5*%"‘?3%@ e
ow many  placfs Hae decmad point vieeds 1o wrove o
NOUE BT peoome Wis pou 0, B Make 4z dhe

EXPON et o 10. @ You gé+: 4. (S x 10F.

Write a set of instructions for converting 6 4 x 10° from scientific notation to standard

notation. Assume the person reading your instructions does not have access to a
calculator.

MoveE e decowmed puint Tn L% Hve placeg
B e vight as shouwn vn \0%, The Stand aved

nitzah oV gy LYo, sovL.




You can also use negative exponents to write numbers close to 0 in scientific notation.
Just as positive powers of 10 help you rewrite numbers with lots of zeros, negative

powers of 10 help you rewrite numbers with lots of zeros between the decimal point and a
nonzero digit.

Practice converting from standard notation to scientific notation and vice versa by

completing the table below. Use your calculator for the first 4 rows, and then try to do
the rest without a calculator.

Standard Notation |CA& ‘ﬁé’@;& Scientific Notation
0.0000817 & |17 E-S g ix 105
0.062 b2 E-1 .2 x \0°*
20.000004905 “Y9DSE b _’,_} qoe x 10-°
0.00000000003 2e-1] 3% | D-—H
0.0000012 2E-b 17 % 10-6
20.000704 Cq.00E-4 | -7.0u % |oF
DODDODLLEL DY 3.8 E-12 3.8x 107"
0DDD DODOS 5e-9 5x107
p00OM 10T 4 \07E-S 4107x10°

Write a set of instructions for converting 0. 00000000/14 from standard notation to

scientific notation. Assume the person readmg your instructions does not have access to
a calculator.

4 Wit w/ digid before Hne decimag (14). & determing
how W’%&v‘z\{ place \geﬁtjf% 2 e d@@sﬂ“%ﬁ«@ PNt needs o moue

Jonave . 0DCO00DOLIY become Y. (D Make ALY 2 negetve
w1 belomes Yine Cxponént m’% 1o,

Write a set of instructions for converting 9.58 x 10~ from scientific notation to standard

notation. Assume the person reading your instructions does not have access to a
calculator.

b uke the decimat our o€ 9.58 (ASE) . B Wove +he
dLcimads poiint § Places +» the €64 B Your
answ-er- 1%, DDO0ISE,
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More with Scientific Notation: Large & Small Numbers

Noew yowuw tryl
Convert each number from standard notation to scientific notation.
. v
a) 6,700,000 .71 % |O
b) 8,000,000,000 @ ¥ }©7
¢) -19,000 -1.gx (oY o
d) 205,006,000 74,0600 X |0
e) 0.00000099 g.&a w Yo !
f) -0.00004 - y % ju”%
g) 0.0000000105 {.0% x v

h) A pimeson, an unstable particle released in a nuclear reaction, “lives” only
0.000000026 second.

2.de ¥ N}”@

C_Onvert each number from scientific notation to standard notation.
a) 9.23x107 QL3 @f}t}@@
b) 8x10° @ DODL
¢ 4.006x10° Y400k ooooe
d -3.1x10" =~3]000V SeReIngv AN
e) 7.842x10°% . cooob i
p -1.03x10° - OF o0l 02 .
g) 5x107"° _poOvO oD D 0OS

h) The mass of an electron is 9.1 x 10~ kilogram.

,0000DDDODOCROVOD 0000DODDOBOROS OAL



Name Date Period

Scientific Notation: Adding and Subtracting
Jse your knowledge of exponents and scientific notation to find a pattern in the problems below.

A. 1. Expand each of the following to explain why each of the following statements is true.
a.2x10° + 4 x10° = 6 x 10°

b.3.1x10% + 2.7x 10% = 5.8 x 10*

C.5%x10° +6x10° =11 x10° = 1.1 x 10°

2. Give another example that fits the pattern in part (1).
3. Complete the following equation to show how you can find the base and exponent of the
product when you multiply two powers with the same exponent. Explain your reasoning.

ax10" + b x 10" =

B. 1. Expand each of the following to explain why each of the following statements is true.

a.5x10°-3x10°=2x10°

b.6.8 x 107 - 4.7 x 10* = 2.1 x 10*

C.14x10°-3x10°=11x10% = 1.1 x 10°

2. Give another example that fits the pattern in part (1).

3. Complete the following equation to show how you can find the base and exponent of the
product when you multiply two powers with the same exponent. Explain your reasoning.

ax10" - bx 10" =




C. Look at the addition and subtraction problems below.
3.76 x 10* + 5.5x 10
2.19 x 10° - 3.947 x 102

7.3x10° + 2.1 x10%

1. Compare these addition problems to the ones you looked at earlier in problems A1l
and B1. What makes these addition problems different than the ones you already
studied?

2. In the problems we looked at in A1 and B1, you were able to see a pattern for how

to add and subtract problems in scientific notation.

Look at the addition problem below. How do you “change” this problem so that

you can follow the pattern previously discussed and subtract these two large
numbers?

2.19 x 10° - 3.947 x 10?

3. Why do the exponents have to be the same to add or subtract numbers written in
scientific notation?

4, What will you have to do first to solve the problem below? Be specific.

3.76 x 10* + 5.5 x 10?

5. Solve.

a. 3.76 x 10* + 5.5 x 107 b. 5.4681 x 10* - 9.1472 x 10°



6. The distance from Earth to Mars is 5.6 x 10°. The distance from Mars to the sun is
2.49 x 108, What is the total distance from Earth to the Sun?

7. An ant climbs 8 feet in 1.2 x 10 mph. A worm climbs the same distance in 9.8 x 10™
mph. How much faster is the ant than the worm?

8. 1.8x10"+ 7.7 x10? 9. 8x10%+ 55x10°

10. Eyelash mites live on your eyelashes for 2.3 x 102 minutes. Bed bugs live on your
pillow for 3.62 x 10°® minutes. How much longer do the bed bugs live than the bed
bugs?

11. 2.6 million years ago the first cockroach roamed the Earth. 5 x 10! years ago
your teacher found one roaming around your classroom. How much time passed
between the time your teacher found the cockroach in the classroom and the first one
roaming the Earth?



Name Date Period

Scientific Notation: Adding and Subtracting

‘Jse your knowledge of exponents and scientific notation to find a pattern in the problems below.

A. 1. Expand each of the following fo explain why each of the following statements is true.
a.2x10° + 4x 10> = 6x 10°

2000 + 4obD = (LODD | 3
LoDD =L X 10

b.3.1x10%+ 2.7x10% =5.8x 10%

IDOL + 27000 = LR0OD -
’ L0000 = c.axioYt

C.5x10° +6x10° = 11x10° = 1.1 x 10°

Cophol + 00DDe = || 0DDO L
2 110000 = (. x 10

2. Give another example that fits the pattern in part (1).

Avewers Wil vavy

3. Complete the following equation to show how you can find the base and exponent of the
product when you multiply two powers with the same exponent. Explain your reasoning.

L4 g!
ax10"+bx10m= (A+) X |D

B. 1. Expand each of the following to explain why each of the following statements is true.

a.5x10°-3x 10> = 2 x 10°
SOUD - 2000 = 200U 2000 = 2 x 03

b. 6.8 x 10 - 4.7 X 107 = 2.1 x 10*
LHOOD - 41000 = 21000 21000 = 2.0 x )oY

€. 14x10°-3x10%=11x10% = 1.1 x 10°
1400 - 300 = ypp 1100 = L x103
(1twi10%)
2. Give another example‘that fits the pattern in part (1).
ANSWeES vl vavy)

. Complete the following equation to show how you can find the base and exponent of the

r _roduct when you multiply two powers with the same exponent. Explain your reasoning.

ax10m - bx10m=(a"b) X \Dm




C. Look at the addition and subtraction problems below.
3.76 x 10* + 5.5 x 107
2.19x 10° - 3.947 x 10°
7.3x 10° + 2.1 x 10*

1. Compare these addition problems to the ones you looked at earlier in problems Al

and B1. What makes these addition problems different than the ones you already
studied?

e exyponents attac hea 40
the Hens Q’f’f’ diffecent 1N

2. In the problems we looked at in A1 and B1, you were able to see a pattern for how
to add and subtract problems in scientific notatlon

Look at the addition problem below. How do you “change” this problem so that

you can follow the pattern previously discussed and subtract these two large
numbers?

2.19x 10° - 3.947 x 10? o
NE€R f”@z%%ﬁf 2.4 x10% 4+ L9 Xx)0

) g
3
2,947 % |02 +o .2A4T xI10
3. Why do the exponents have to be the same ’taﬂadd or subtract numbers written in

scientific notation? X

when adding Aumbers Wit deamals, e

Plac€ values paust Time @ For s o
Voppen \ i must be mulh Plyivig e HAred numbers

T e ) ents Fre notation by thae sanne powel © £
4. What will you have to do first to solve the problem below? Be specific. el

bé fore
3.76 x 10* + 5.5 x 10° | \f@%}fﬁﬁ
chanage 5.5 xl0* ‘*@ ,055 x (0% ﬁgmﬁ
;, 4! = W | 2. “%Mﬁﬂ%“
i sove. thange 3.7Lx10% ho 3T %10
a. 3.76 x 10* + 5.5 x io2 . 5.4681 x 10* - 9.1472 x 103 32

37ta’afi92+65}f%ﬁ sg,;;‘&%;}gwﬁ q;gqg,;gwﬂ




6. The distance from Earth to Mars is 5.6 x 10°. The distance from Mars to the sun is

2.49 x 10%. What is the total distance from Earth to the Sun? ‘ S
S.bx10° + 2.44 x (08 _ SE0O000+
- 056 % 108 + 2,49 x 0B [BE] 244000000 =

——ee— 3] AL LBDDDD
H % ég‘*}%;};}@i’; ]
[2:S%ex 107 | 254l x10° |

7. An ant climbs 8 feet in 1.2 x 10> mph. A worm climbs the same distance in 9.8x 10
mph. How much faster is the ant than the worm?

e 09 8 L0012 - pO0GET . 00022
ot  pOLIZL ] lm
|2 X1

8. 1.827x 10"+ 7.747 x 102 | 9. 8.0055x10% + 55601 x 10°

1.8 X 10! + 7.7 xJo* | P x|0Z + 5. XIOZ_
A8 x |02 +77.71 x 10 @ x16Z + 0SS x 10
[7.88 % 107 [3.05S x10% ]

10. 5W 1. T8, 8% F*=7T0°

\Q AZ. Eyelash mites live on your eyelashes for 2.3 x 102 minutes. Bed bugs live on your
pillow for 3.62 x 10° minutes. How much longer do_the bed bugs live than the bed

bugs? ;afb‘z%ii}jm‘z‘%x%@; / 3020 - 220 =
32 %10 - 2.3 X107 ¢ o
23.9 x |0 % 2290 =
} ( 39 x102
3.39 % 10° \ 3.39 %1

i
/

@J&T 2.6 million years ago the first cockroach roamed'the Earth. 5x 10 years ago
your teacher found one roaming around your classroom. How much time passed
between the time your teacher found the cockroach in the classroom and the first one

é\\m_,oaming the Earth? 2L0D0OOD - 5 - 259 9999,

| 7.599a99S » 10
 YWlarsS

i
i




Name Date Period

Scientific Notation: Multiplication and Division

Many of the numbers occurring in science are either very large or very small. The speed of light
is 983,569,000 feet per second. One millimeter is equal to 0.000001 kilometers. In scientific
notation, numbers larger than 10 or smaller than 1 are written by using positive or negative
exponents.

An important feature of scientific notation is its use in computations. Numbers in scientific
notation are nothing more than exponential expressions, and you have already studied
operations with exponential expressions. We use the same rules of exponents on numbers in
scientific notation that we use on any other exponential expressions.

Use your knowledge of exponents and scientific notation to find a pattern in the problems below.

A. 1. Expand each of the following to explain why each of the following statements are true.
a.2x10%e4x10° =8x 10°

b. 3x10%e 9x10% = 27 x 101°

€. 5x10° ¢ 3x10% = 15 x 10’
2. Give another example that fits the pattern in part (1).
3. Complete the following equation to show how you can find the base and exponent of the

product when you multiply two powers with the same exponent. Explain your reasoning.

axl10"e bx 10" =

B. 1. Expand each of the following to explain why each of the following statements is true

6x10* 5
a. 22107 =3x10
9x10° 3
" 32107 =3x10
8x10’ 4
¢ 100 -2 X 10

2. Give another example that fits the pattern in part (1).



3. Complete the following equation to show how you can find the base and exponent of the
product when you multiply two powers with the same exponent. Explain your reasoning.

(a)x10™ _
(5)x10”
Practice:
1. 6 x10%e 4 x 10° 2. 8x103.7x1073
3. 1.5x10% .2 x 10* 4. 6x10° e 7 x 10°
5. 9x10°%.3x10° 6. 5x 10%+ 6 x 10*
7. 8x10° ¢ 3x10% 8. 3x10°%x6x107
9 4x10° 10 5x10’
©o2x10° " o2x108
) 6x10° - 1.2x10°
" 3x10° " 4x10°8
'3 1.5x10° ” 4.8x10°
" 3x10° " 6x10°
3x107° 2.4x10°
16, ———

1x10° 8x107



17. Americans make almost 2 billion telephone calls each day. (www.britannica.com)

a. Write this number in standard notation and in scientific notation.
b. How many phone calls do Americans make in one year? (Assume that there are

365 days in a year.) Write your answer in scientific notation

18. The speed of light is 3 x 10 ® meters/second. If the sun is 1.5x 10*! meters from
earth, how many seconds does it take light to reach the earth. Express your answer
in scientific notation

20. How many times bigger is the sun (1.3 x 109) to a giant squid (2 x 102)?

21. Light travels at approximately 3.0 x 108 m/sec. How far does light travel in one week?

[m-N

22. Approximately .9 x 10° gun crimes are reported to police every day. How many gun crimes are
reported every hour?

23. Assume that there are 20,000 runners in the New York City Marathon. Each runner runs a
distance of 26 miles. If you add together the total number of miles for all runners, how many
times around the globe would the marathon runners have gone?

Consider the circumference of the earth to be 2.5 x 104 miles.



Name Date Period

__ Scientific Notation: Multiplication and Division

‘Many of the numbers occurring in science are either very large or very small. The speed of light
is 983,569,000 feet per second. One millimeter is equal to 0.000001 kilometers. In scientific
notation, numbers larger than 10 or smaller than 1 are written by using positive or negative
exponents.

An important feature of scientific notation is its use in computations. Numbers in scientific
notation are nothing more than exponential expressions, and you have already studied
operations with exponential expressions. We use the same rules of exponents on numbers in
scientific notation that we use on any other exponential expressions.

Use your knowledge of exponents and scientific notation to find a pattern in the problems below.

A. 1. Expand each of the following to explain why each of the following statements are true.
a.2x10°«4x10% = 8x 10° | R0D, 000 = 8w (OF
200 - ypop = LOUSLO ‘
b.3x10% ¢ 9x10% = 27 x 10'° 12-1pbovouuOtes
30000 - g 000000 = 2 ORLODOOPLE 2 % 10
€. 5x10° » 3x 10° = 15x 10’
SO0LOD . IO = W opoToond = IS0
2. Give another example that fits the pattern in part (1).
answers will varv)
3. Complete the following equation to show how you can find the base and exponent of the
product when you multiply two powers with the same exponent. Explain your reasoning.

ax10™e b x 10" = (a ,b> X \D(Yn-m)

B. 1. Expand each of the following to explain why each of the following statements is true

4 OV p y &
a. 2382 = 3 x 10° -—}i'*g‘g" = 200 o% 3x|D
. v 8B
9x10° 3 CqoooPR, . 200h oe 3 X G0
R T = 3x 10 SRR, J50 el . JOPE - e
3x10 2 A BH
| 5 OB LOD0
c 8x10’ _ 5 x10% ‘8 Q{“}@%i, ez 20000 0 2 X g}k’é‘
" 4x10° W TOL

-» Give another example that fits the pattern in part (1).

answers Wil vaw)



3. Complete the following equation to show how you can find the base and éxponent of the
product when you multiply two powers with the same exponent. Explain your reasoning.

M:{@ b))« llﬁ)é'}’i’%”m

(b)x10”
Practice:
1. 6x10°+ 4 x10° Mlﬂ 2. 8x107.7x107
3. 1.5x10%+ 2 x 10 3;@%%3 4. 6x10° 7 x 10

0= )
6x105-T.@MM T 'L f : 2x10 "3
" | 2 )(LO - SRTE .o % ~ Y

15000 .5 X |07 4.8x10° n°

13. 4. —— . % X %D
3x107 -/ 2.4x10 L =S
2 x10" -

1x10° %i;‘*ﬂj | S ST I SRRV



17. Americans make almost 2 billion telephone calls each day. (www.britannica.com)

a. Write this number in standard notation and in scientific notation.

2000000000 -0Y " e
2 107

b. How many phone calls do Americans make in one year? (Assume that there are
365 days in a year.) Write your answer in scientific notation

2 %107 w 3L x |0°
730 x %@g% “’?;35};6.%@“

18. The speed of light is 3 x 10 ® meters/second. If the sun is 1.5x 10! meters from
earth, how many seconds does it take light to reach the earth. Express your answer

in scuentlﬂc notation o i
i X Y E }{7 §
“5 X 10

20. How many times bigger is the sun (1.3 x 109) to a giant squid (2 x 102)?
P f‘f:s %{ W 4 i . N |
l\_ . . ” g‘: " . ?ﬂ ? - .- b i %fwzé }{ } Q
' AKX 1o -

how
21. Light travels at approx1mately 3.0 x 10° m/sec. How far does light travel in one W@ek’?

@@G %T}{ Gh s
? .@

 x eaw 0%
- R X ? %
22. Approximately .9 x 10° gun crimes are reported to police every day. éF"I“"“‘“ W Hany gun "a“r"é"i
reported every hour?
. Y x 10 S . ~E
o >Q %@ 5 g X 1
2% X0 » » G

23.
any




Name: Date: Per:

Scientific Notation: Operations Practice
Solve each of the problems below. Be sure to show all your work.
1. There are approximately 5.58 x 10%! atoms in a gram of silver. How many

atoms are there in 3 kilograms of silver? (1000 grams = 1 kilogram).
Express your answer in scientific notation.

2. Because the number of molecules in a given amount of a compound is
usually a very large number, scientists often work with a quantity called a
mole. One mole is about 6.02 x 10> molecules. How many molecules are in
3 x 10° moles?

3. Cal and Al were assigned this multiplication problem for homework:
(3.5 x 10%) (14.8 x 10°)
Cal got an answer of 51.8 x 10%, and Al got 5.18 x 10%.

a. Are Cal’s and Al’s answers equivalent? Explain why or why not.

b. Whose answers is in scientific notation? How do you know?

c. Find another exponential expression equivalent to Cal’s and Al’s answers.



4. Explain how you can rewrite a number, such as 432.5 x 103, in scientific
notation.

5. A lake in Minnesota covers an area of about 8.5 x10” square feet and its
average depth is about 32 feet. How much water does the lake hold?

6. Teens use slang words over 1.1 million times by age 15.

a. Write this number in standard notation and in scientific notation.

b. How many slang words do Americans teens say in a year? Write your
answer in scientific notation.



7. On average a person sheds 1 million dead skills cells every 40 minutes.

a. How many dead skin cells does a person shed in an hour? Write your
answer in scientific notation.

b. How many dead skin cells does a person shed in a year? (Assume there
are 365 days in a year). Write your answer in scientific notation.

8. A light-year is the distance light can travel in one year. This distance is
approximately 9460 billion kilometers. The Milky Way is estimated to be about
100,000 light years in diameter.

a. Write both distances in scientific notation.

b. Find the diameter of the Milky Way in kilometers. Use Scientific
Notation.

C. Scientists estimate the diameter of the earth is greater than
1.27 x 10*km. How many times larger is the diameter of the Milky Way?



Name: Date: Per:

Scientific Notation: Operations Practice
Solve each of the problems below. Be sure to show all your work.

1. There are approximately 5.58 x 102! atoms in a gram of silver. How many
atoms are there in 3 kilograms of silver? (1000 grams = 1 kilogram).
Express your answer in scientific notation.

5.8 x10* x (000 =
558D x 10%!  s4ovnsn | kg,

5680 x 10 x 3 kg = |[bIYD x10*
[ L1490 x |0°°

2. Because the number of molecules in a given amount of a compound is
usually a very large number, scientists often work with a quantity called a
mole. One mole is about 6.02 x 10** molecules. How many molecules are in

3 x 10° moles?
L.02 x)0** x 3 x D%

\%LMW
|1.80b x |10 \

3. Cal and Al were assigned this multiplication problem for homework:

(3.5 x 10%) (14.8 x 10°)
Cal got an answer of 51.8 x 10%, and Al got 5.18 x 10%°.

a. Are Cal’s and Al’s answers equivalent? Explain why or why not.

VO Hney are. 4o pet 518 Hom 5IR you
necel 4o mulhiely 618 by 3ve Woke @owoe

of 10 Whieh S (lay ay “priblevn Sa4Ys 5. 18 w 16U
notead of 1o . ] e

b. Whose answers is in scientific notation? How do you know?

Odféf. He  mMmul-hplied o numbee

perween 410 by a power of 10

.

C. Find another exponential expression equivalent to Cal’s and Al’s answers.

=3 ' J 1
eX . LBl1E x 1D



4. Explain how you can rewrité a"number, such as 432.5 x 103, in scientific
notation.

D move Hhe decrmad eeTwIcey
e e 3 (4 3725 )

&) \ oM Changed L32.4 4o ¢ Small-er
Aumber - 1N Fack 1ts 100 hmes
sMaller. S0 you ieed 1D
YY1l &%:3 %Z’?% o L% Sz ot 4 PRI AN e T WIAATTAS
0L 10 n b ~

432,85 x |03 b comes

I |

L ~nE |
| Lf;‘ﬂi&;;?»;‘z&ﬁ -
5. A lake in Minnesota covers an area of about 8.5 x10’ square feet and its

average depth is about 32 feet. How much water does the lake hold?

BS x 107 x 32 x)0°
712 x0T =

6. Teens use slang words over 1.1 million times by age 15.

a. Write this number in standard notation and in scientific notation.

1.1 willion = |10D,00D  steuidard
[.] ¥ Yo SsSbenwHBou

b. How many slang words do Americans teens say in a year? Write your
answer in scientific notation.

|} OD 000 ¥ 1§ = | LS DoB OO

[1.68 x107 |




ff”’“"”x

7. On average a person sheds 1 million dead skills cells every 40 minutes.

a. How many dead skin cells does a person shed in an hour? Write your
answer in scientific notation.

1 000 cooxS [ W22

o v HS G0 MID I

b. How many dead skin cells does a person shed in a year? (Assume there
are 365 days in a year). Write your answer in scientific notation.

1€ x 10® x 2% = 3L x)D®
b x 10° % 3L = |2D x |0
Ti. 3190 % 10 |

8. A light-year is the distance light can travel'in one year. This distance is
approximately 9460 billion kilometers. The Milky Way is estimated to be about

100,000 light years in diameter.

a. Write both distances in scientific not tion.
CtLH::O DOO s@ﬁpe:m zﬁ? L X W
\ 0D, 00D wa ) mg /
k

b. Find the diameter of the y Way in kilometers. Use Scientific

Notation.
e QUL x 10'F 1 x)\0F

me”j
\

C. Scientistetimate‘ the diameter of the earth is greater than
1.27 @; How many times larger is the diameter of the Milky Way?

.27 % (0% kK Q.4 x o'

of
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12. The math club is selling posters to advertise
National Algebra day. The following equation

represents the profits P they expect for . GETYOUR
selling #n posters at x dollars.
grp ~ POSTERS HERE
P=xn— 6n .

They also know that the number of posters
n sold depends on the selling price x, which is
represented by this equation:

n=20-x

a. Write an equation for profit in terms of the number of posters sold.
Hirnt: First solve the equation n = 20 — x for x.

b. What is the profit for selling 10 posters?
¢. What is the selling price of the posters in part (b)?
d. What is the greatest possible profit?

Connections

13. Multiple Choice Which statement is false when a, b, and ¢ are
different real numbers?

F (a+b)y+c=a+(b+c) G. ab = ba
H. (ab)c = a(bc) J,a—-b=b-a

For Exercises 14-16, use the Distributive Property and sketch a rectangle
to show the equivalence.

14. x(x + S)and x2 + 5x

Go g¥nline
15. 2 + x)(2 + 3x)and 4 + 8x + 3x2 Mﬁﬁﬁﬁﬁﬁi,wm
For: Multiple-Choice Skills

16. (x + 2)(2x + 3)and 2x2 + 7x + 6 Practice
Web Code: apa-6254
17. Some steps are missing in the solution to 11x — 12 = 30 + 5x.

11x — 12 = 30 + 5x

11x = 42 + 5x
6x = 42
x =17

a. Copy the steps above. Fill in the missing steps.
b. How can you check that x = 7 is the correct solution?

¢. Explain how you could use a graph or a table to solve the original
equation for x.

investigation 2 Combining Expressions 321
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18. In the following graph, line €; represents the income for selling
n soccer balls. Line ¢, represents the expenses of manufacturing
n soccer balls.

Soccer Ball Production and Sales
$6

$5
$4
$3
$2

Sales (thousands)

$1 e

0 500 1,000 1,500 2,000 2,500 3,000 3,500 )
Number of Soccer Balls 5

a. What is the start-up expense (the expense before any soccer balls
are produced) for manufacturing the soccer balls? NOTE: The
vertical axis is in thousands of dollars.

b. What are the expenses and income for producing and selling
500 balls? For 1,000 balls? For 3,000 balls? Explain.

¢. Whatis the profit for producing and selling 500 balls? For 1,000 balls?
For 3,000 balls? Explain.

d. What is the break-even point? Give the number of soccer balls
and the expenses.

e. Write equations for the expenses, income, and profit. Explain
what the numbers and variables in each equation represent.

f. Suppose the manufacturer produces and sells 1,750 soccer balls.
Use the equations in part (e) to find the profit.

g. Suppose the profit is $§10,000. Use the equations in part (e) to find
the number of soccer balls produced and sold.

For Exercises 19-24, use properties of equality to solve the equation.
Check your solution.

19. 7x +15=12x +5 20. 7x + 15 =5 + 12«
21, —3x +5=2x — 10 22. 14 —3x =15x +5
23. 9 — 4x = 252 24, —3(x + 5) =210

32 Say It With Symbols



SWS - ACE answers pg. 31 & 32

12. a. First we need teowrite the cquation
o= M- xinterms of x = 2 - S0
tuting into P = xa — G owe oo
20— ajw- finor P = e - 87— e
which is cquivalent te P = 140 —s”.

b. 340k using the equation = 140 - a~
substitute 10 in for &, The profil is
Po= 400 - 100 = 40



€. The selling price can be found vsing the
equation & = 201 - x. S0 when n = Hthe
selling price is $ ik

d. $44: the preatest prodit can be found by
making a table or graph for the profit
equation P = Xk — a— fa = e - et
Thi greatest profit occurs when they
sell ¥ posters. which wields a valee of
Po= 4T -7 =40

Connections

13, I Stodents can try an cxample like ¢ = 1 and
b = 2o check that T is false. The other letters
are troe: Fand H are the < Properly
of Addition and Multiplication. respectively,
and 3 is the Commustalive Property of
Multiplicatien.

4 oxx + 3=y + Sy

X 5

15 (2 + x12 + 3x) +oxld A2 xlr =

a 2

40 2y b b AT o= 4 4 Br o+ By

2
204

o

x |3x] Fxd

Voo {x 4 292y + 3 = x + 2)2v 4y + 25 =

o

[}

2
T v dy o+ Br b= 2

2 3

X 2x? 3x

17.a. e~ 12 = A
12 = AR 12 B
Ty = 4T + 5y

flry — Sy =42 + 5y ~ 5x

i = 47
dy 42
[
r=7

b T check. substitote T into the ariginal
cquation Tor x and see il the
1z are equoal

n cach
side of the egua h
alher.
fly - 12 = 34
1Ty - 12 = 3
TT - 12 =

G% =

. Toosolve the equatien wsiog o graph. Tirse
graph cach of the equations v = Tly - 12
and ¥ = M+ Sy and vse the x-value of
their point of intersecticn Tor the selution.

18. a. B1.000
k.

Expenses of
Soccer Balls

1,250

Mumber of | Income from
Soccer Balls | Soccer Balls

S0 S0

1.500
2500

1,000 1,000
3,000 3,000

. o Find the profil of seocer balls, subdract
the expenses from the Income. See table
bz b,

Number of
Soccer Balls ‘

S 500 — 1,250 = —750
1,000 1,000 — 1,500 = 500
3,000 3,000 — 2,500 = 500

Profit of Soccer Balls

ooEr
are both

d. The break-cven point is at 2.0
he income and expen

"




20, 1 = 2 The seduticn is the same as Exercise 19
because the Commuiative Properly does not
chiange the value of the varahles when
sedwing an cquation.

e Income = 1 times 131-., nuember of soorer

Expenses = L0 + 0.5 times number of
soccer balls or 21, One possible solution:
o =3x -+ 5= 2100
Profit = Income - Expe ;
Pz T = (LI + 5] or o
=g e LD 0 50, or g s
P QAR ~ 1000 o
“““ i . ~ 15

£ 5123 ar a loss of 3125 (Figure 15 — = —=

=y~ 2y~ B

el

g. 22 00K Profit =
S RLUIIE SR “imumburml SOCCE balls)
‘il J(}L’U = - 550
: - LA F (LS

= 2r - 0
- 2(37 — 10
= § ~ 10

2000 =0 o .
22, Ome possible method:
The number of seccer balls produced and 143y = 15r + 5
caled 3F e ) Fip ot . [ k fe TR l’, A ‘ et S .»—. .—- ‘
sold if the profit is $10.004 1 220040 4%y 14 = 157 + 5_ 14
—Ax = lAx - %

18, One possible solution:
=3y - LSy = LAy - U - L5

T+ 15 = 12¢ + &

e o

Check:
Tx +
I

14 +

Figure 1

Expenses = 1, 000 + Pmﬁt = Income — Expﬂnsas

 Number of , ;
- ﬁi{#nfsuﬁmrlmﬂs} ; arP &5&}—1.!}%

Samr Bnlls ’:; oce

1ﬂﬂﬂ+35{1?5m 1750 — 1. ?5=—125 of
1.000 + 875 = 1,875 | 0.5(1,750) — 1000 =
875 — 1000 = —125

‘! ,‘?.5!]




9 - 4y = =

29 ~ 4x) = 2
18 — By =

18— 8y —x =
I8 — Oy = 7

I8 — Uy — (8 =3

Ted lad hed
=
]
et

24, Ope pessible solution:

. o, b~ iy

— e B R Ll L P

L
;"‘K
=

4
1
!
§
i
il

%1




2. Marcel and Kirsten each try to simplify the following equation:
P = (1,000 + 5¢ + 15a) — (500 + 6¢ + 8.50a + 250)

They are both incorrect. Study the steps in their reasoning and identify
their mistakes.

Marcel

P = (1,000 + B¢ + 15a) — (500 + 66 + £.50a + 250)
=1,000 + 5¢ + 15a — 500 + 6¢ + &.50a + 250
=1,000 - 500 + 250 + B¢ + 6¢ + 152 + 8.50a
=750 + 11lc + 23.50a incorrect answer

b.
Kirsten
P = (1,000 + B¢ + 15a) — (600 + 6¢ + &.50a + 250)

=1,000 + 56 + 15a - 500 — 6¢ — 8.50a — 250

= 1,000 - 500 - 250 + 5¢ - 6¢ + 15a — 8.50a

=250 + ¢ + 6.50a incorrect answer

3. According to the equation V = 200 + 50(T — 70), the number Homework
of visitors to a park depends on the day’s high temperature T Help @nline
. . - e —PHSchool,

(in threnhelt). Suppose 1,000 people visited the park one day. For: Help with e
Predict that day’s high temperature. Web Code: ape-6303

For Exercises 4-7, solve each equation for x using the techniques that
you developed in Problem 3.1. Check your solutions.

4.10 +23 +2x) =0 5.10 — 2(3 + 2x) = 0
6. 10 +2(3 —2x) =0 7. 10 — 2(3 — 2x) = 0

8. The two companies from Problem 3.2 decide to lower their costs for a
Fourth of July sale. The equations below show the lower estimated
costs C (in dollars) of buying and installing N border tiles.

Cover and Surround It: Cc =750 + 22(N — 12)
Tile and Beyond: Cr = 650 + 30(N — 10)

a. Without using a table or graph, find the number of tiles for which
the cost estimates from the two companies are equal.

46 Say It With Symbols



b. How can you check that your solution is correct?

c. Explain how a graph or table could be used to find the number of
tiles for which the costs are equal.

d. For what numbers of tiles is 7ile and Beyond cheaper than Cover
and Surround Ir? Explain your reasoning.

e. Write another expression that is equivalent to the expression for
Tile and Beyond’s cost estimate (Cy). Explain what information the
variables and numbers represent.

9. The school choir from Problem 3.1 has the profit plan
P =55 — (100 + 2s).The school band also sells greeting cards. The
equation for the band’s profitis P = 4s — 2(10 + s). Find the number
of boxes that each group must sell to have equal profits.

For Exercises 10-17, solve each equation for x without using tables or
graphs. Check your solutions.

10. 8x + 16 = 6x 11. 8(x + 2) = 6x

12. 6 + 8(x + 2) = 6x 13. 4 +5(x +2) = Tx

14. 20 —3(x+6) = —4(x = 1)  15.2-3(x+4) =9 — (3 + 2x)
16. 2.75 — 7.75(5 — 2x) = 26 17. Jx + 4 =2x

18. Write each product in expanded form.
a. (x — 2)(x +2) b. (x —5)(x +5)
c. (x —4)(x+4) d. (x — 12)(x + 12)

Investigation 3 Solving Equations

47



SWS — Ace pages 46, 47 answers

2. & When evaluating the scoond set of
parentheses, Marcel distributed the minus
sign 1o the SO bot net o the other three
Lerms.

b. Kirsten combined 5¢ - be and got ¢ instead
al —e
3. L0 = 2000+ KT — Ty
LA = 2000+ 507 — 3500
EAHD = 5070 — 3300
431 = 30T
ther logical arsuments are possible.
Sledents might choose e selve this problem
with a table or graph.
A i+ 23+ 2=
L+ &+ 4x =0
i+ Ay =11
I+ &y — 16 =0~ {6
dy = ~ 1




B L HI- 23+

B. 4100+ 23~ 2y} =1
e+ 6 dr i
6y o=
b —dy — 16 =1} — i

TS IHN - 12 = A5 - 3N

[
-
N

S+ 2208 - 264 = 6RO+ 30N — 300
- 350 M

-+

MOTE: for this contest 1o make sense,
Moo= 12

b. Umne possible way 1o check that the solution
Is correct is to put the value for %17, into
cach cguation, solve Tor cost and see if both
eouations have the same value,

.. The pednt oo the graphs at which the teo
lines imtersect is the number of tiles for
which the cost estimates are equal. Using a
table one would look for the number of
tiles Tor which both companics have the
samie cost valpes,

d. Tile and Beyond and Cover and Surrognd It
have equal cost estimates when the number
of tiles is 17,

e O = 050 + 3N — 10§

O = BA0 -+ 30N — 300

O = 30N + 350

The 30 means that each tile costs 30 dollars
and the 350 s the start-up cost.

9. 80 bowes: Studeals may graph the tee
cuations and find the r-coordinate of the

i tiom point. O they may make a table
hoequatien and find for whick
r-coordinate the profits are cqual. I students

F— (10 + 25
i~
5 — T
L+ 100

=¥

10 Cine possible answer method:
Br o+ Ih = o
B+ 16 - Sr = o - By
I = —2x
B =x

1. One possible anseer method:
Blx + 3=
By & 16 = G
B A+ 06— B o= A - By
16 = ~2x

o w
FE

22+ By~

6+ B(—11 + 2)
)
6+ (~T2) =

66 =



v Dine possible answer:

Check:
s[4 =2
R

lé = 16

18. a. 1% — 4 2t - 25

6 - 14

™
7
i

19, a. {x + iy + 4}

o — Shx — 2}

ix o+ 2ux o+ 4
afx o+ T
2y + Ax - 4
xx — A}

IT-Fay+dy=0- ) ,
: ; x Dy 4 6]

Jx o+ T - 8

S
]
R SR

~Xe - 10=6-2x
~ - 10-6=6-2x-6 o
~3x - 16= —2x 20. a.{x +:

v+ Ax o [x
e x — By + 8l

&

(x4 By~ G
ix -+ Xk - 20

i

w8 F FTaBF BF

i = 12§ + 120
Check:
2316+ 4y =03 2~ 16))

2 - 3—121=9-{3-32)

2. 415 =0
xx+ 15 =0
r=llorxy=~13

38 = 38 22, e+t =0
fx -+ 2ix w4y =4
x= ~2ory = 4

g -
Bx —x =11
X8 - xy =10
x=0orx =8
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Topic 13: Writing and Solving Inequalities

-------------------------------------------------------------------------------------------------------------------------

for use after Moving Straight Ahead

You just explored what it means for two quantities to be equal. When you
write an equation you are comparing the value of two equal quantities.
Sometimes you need to compare two quantities that are not equal.

An inequality is a mathematical sentence that compares the values of two

expressions that are not equal. Instead of using an equal sign, you use an
inequality symbol.

Inequality Symbols

< less than

> greater than

= less than or equal to

= greater than or equal to

#* not equal to
Writing Inequalities

A. For each situation, first define a variable. Then represent the situation
with an inequality.

1. The height of a child must be at least 48 inches to ride a
roller coaster.

2. The speed limit on the road is less than or equal to 45 miles
per hour.

3. A piece of luggage must be less than 60 pounds.

4. You must be at least 13 years old to see a movie rated PG-13.

Exercises

For each situation, define a variable. Then write an inequality to model
each situation.

1. Ana has a car. She wants to limit herself to driving at most 500 miles
per month.

2. The Simon family’s car emits 0.75 pounds of CO, per mile. It emits
2 pounds of CO, when it is started. The Simons want to limit their
emissions to at most 100 pounds of CO, per use of the car.

3. An online discount costs $50 per month. It decreases $2 for every

person you recommend to sign-up. You want to keep the total cost
below $35.



You know that to maintain an equality, vou can add, subtract, multiply or
divide both sides of the equality by the same number.

“_Problem (.7 Properties of Inequalities

A. Consider the mequality 6 < 20,
1. Does the mequality remain true when vou add or subtract each side
by the same number?
2. Does it remain true when you multiply or divide by a positive
number? A negative number?
3. What seems 1o be true about properties of mequalities?
B. Sally did the following work to solve the inequality —4x + 2 < 10,
-4y + 2 = 10
—4x + 2 =2« 10— 2 Subtract 2 from each side.

—dy < B Simplify each side.

Divide each side by —4. Reverse the inequality symbol.
- -2 Simphify.
[s she correct”? Explain,

&a%ﬂmm : Solving Inequalities

Each month the expenses of Fabulous Fabian's Bakery from Problem 3.5 in
Moving Straight Ahead must be less than a set amount. Recall that the
expenses F to make » cakes in a month 1s represented by E = 825 + 325n,
A. Fabian needs to keep expenses this month less than $2.200,
1. Write an inequality using this information.
2. Solve your inequalitv. What does this mean for Fabian's bakery?

B. Check to make sure vour answer is reasonable.

Exercises
Solve cach inequality.
1.+ 17 < 47 2. My =23 < Sy + 13
3,43 <% -9 4, 182 = —dm + 2
5. —f¢c + 9 25 6. 3UE5 + 59 0 UOS + 14954
7. Vince finds out that his family’s SUV emits an average of 1.25 pounds of CO» per
mile. Suppose Vince's family wants to limit CO5 to at most 600 pounds per month.
a. Write an inequality using this information.
b. Solve vour inequality. What does the solution mean for the Vince's familv?

<. Check to make sure vour answer is reasonable.



Topic 13: Writing and Solving Inequalities

Mathematical Goals

e Write inequalities to represent situations

e Solve inequalities in one variable

<Teaching Guide}

Students should have a clear understanding of equations before they start
working with inequalities, as many of the same rules apply. While students
should be familiar with the similarities between equations and inequalities,
it is also crucial that they recognize the differences. Remind students
throughout the lesson to use the correct inequality symbols since some
students may use equal signs out of habit.

Many students will also need to practice writing verbal statements as
algebraic expressions. Sufficient time should be spent familiarizing students
with the meanings of the inequality symbols. One possible classroom
activity is to divide the students into pairs and instruct them to take turns
writing situations for their partner to translate into algebraic expressions.

‘When solving inequalities, many students struggle with solving by
multiplication and division. You may choose to do several examples as a
class to highlight the importance of reversing the inequality sign when
multiplying or dividing by a negative number.

After Problem 13.1, ask:

& What are some common phrases that are used to describe “greater than
or equal to”? To describe “less than or equal to”?

@ How would you rewrite an inequality with the variable on the opposite

side of the inequality symbol?

Explain to students what it means for a number to satisfy an inequality,
or be a solution to the inequality. Have students find several different
solutions to the same inequality. Point out to students the difference
between the solutions for pairs of inequalities like x <2 and x = 2. Then
have students discuss what the solutions of the inequality mean in a real-
world situation.

Summarize the example before Problem 13.2 by asking:

¢ What values could you use to check your solution to the inequality?

During Problem 13.2, ask:

o What information does the number 825 represent?

¢ What information does the number 3.25 represent?

e For which variable in the inequality should you substitute 2,200?
Homework Check
When reviewing Exercise 6, ask:

& What was your first step in solving this inequality?

¢ Could you still get the correct answer without doing this first?

; Vocabulary
& inequality

e A A e

PACING 1 day




Assignment Guide for Topic 13

Core Problem 13.1 Exercises 1-3, Problem
13.2-13.3 Exercises 1-6
Advanced Problem 13.2-13.3 Exercise 7

Answers to Topic 13

Problem 13.1

A. 1. Let h = the child’s height in inches; & = 48.

2. Let s = speed in miles per hour; s =< 45.

3. Let w = the weight of the piece of luggage

in pounds; w < 60.

4. Let a = your age in years;a = 13.

Exercises
1. Let m = the number of miles Ana drives;
m < 500

2. Let m = the number of miles the Simons
drive; 2 + 0.75m = 100

3. Let p = the number of people you
recommend; 50 — 2p < 35

Problem 13.2
A. 1.yes

2. yes; no

3. Inequalities remain true when you add or
subtract each side by the same number, and
when you multiply or divide by a positive
number.

B. Yes; Sally reversed the inequality symbol

when she divided each side by a negative
number.

Problem 13.3
A. 1.2,200 > 825 + 3.25n

B.

2. n < 423.08; the bakery must make fewer
than 423 cakes this month.

Check students’ work.

Exercises

1.
L x <4

N owopwN

x <10

t>6.5
m < -45

2
c> 23

. d>203.95
. a.1.25m = 600

b.m = 480; Vince’s family must drive no more
than 480 miles per month.

¢. Check students’ work; students should
show that they checked at least one value
that makes the inequality true, as well as
one that makes the inequality false.
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Name: Date:

Estimating Square Roots

Definitions:

Perfect Square: A number whose square root is an integer.

Period:

Square root of a number: One of two identical factors of a number.

Radical sign: ./
Perfect Squares

12 22 32 42 52 62 72 82

92

1072 112

122

1 4 9 16 25 36 49 64

81

100 | 121

144

1. Estimate 410 to the nearest tenth.

9 is the closest perfect square less than 10 and 16 is the closest perfect

square greater than 10.

Jo = and 16 =

numbers and

So, /10 is between the whole

2. When estimating square roots, you want to be a little more precise than

saying the 10 is between 3 and 4.
Is it closer to 3 or closer to 4?

Now estimate \/ﬁ to the nearest tenth.

3. Estimate +/39 to the nearest tenth.

is the closest perfect square less than 39 and
perfect square greater than 39.

N e

So, /39 is between and

J39 estimated to the nearest tenth is

is the closest




Answer rounded to
Problem Between the nearest tenth
Square roots: "V 16 and V 25
V20
Whole numbers: and
Squareroots: N ___ and \V___
J52
Whole numbers: and
Squareroots: \___ and V____
8
V8 Whole numbers: and
Squareroots: V___ and V____
J40
Whole numbers: and

A. 1. Find the side lengths of square with areas of 1,9,16, 25, and 36.

Area of
the

Square |

Side
Length

1

9

16

25

36

2. Find the values of:

Va = Ji6 =

V36 = V81 =

B. a. What is the area of a square with a side length of 12 units? Draw a

model.

b. What is the area of a square with a side length of 25 units. Draw a

model.




Name: W Date: Period:

Estimating Square Roots

Definitions:

Perfect Square: A number whose square root is an integer.
Square root of a number: One of two identical factors of a number.
Radical sign: ./

Perfect Squares

12 22 32 4 52 6° 72 82 92 102 112 127

1 4 9 16 25 36 49 64 81 100 121 | 144

‘ \L
1. Estimate 10 to the nearest tenth. ¥ 5.1

9 is the closest perfect square less than 10 and 16 is the closest perfect
square greater than 10.

J9 = 3 and 416 = \+ So, 410 is between the whole
numbers 5 and L" .

2. When estimating square roots, you want to be a little more precise than
saying the 10 is between 3 and 4.

Is it closer to 3 or closer to 47 5

Now estimate /10 to the nearest tenth. 54 t

3. Estimate /39 to the nearest tenth.

— s
5(0 is the closest perfect square less than 39 and LM is the closest o
perfect square greater than 39. Li
F
S
\ _b__bi_ = b and _‘ﬁ_ = 7
| G
So, /39 is between (O and 7 S’

’LDYV% \ﬁggﬁ

. Ju
o i

J39 estimated to the nearest tenth is Cd



Problem Between Answer rounded to

the nearest tenth
Square roots: 'V 16 and V 25 q' L{.
V20 L
'+ and 5 | o

Whole numbers:

Square roots: \/ﬁ and V_ﬁ
J52 7 Q ’]5 g

Whole numbers: and 7‘2

Square roots: \/_i and \/_57_

. Whole numbers: 7* and 5 7_g oy"
2.9
T Square roots: 8‘0_ and \/—L‘l'vq (0% oY
40
Whole numbers: b and 7 b Lf"

A. 1. Find the side lengths of square with areas of 1,9,16, 25, and 36.

Area of Side
the | chath
Square g
1 Ji1 =)
9 \ré) )
16 Nle = 4
25 J15= 6
36 |3zl

2. Find the values of:

Ja= 2 g6 = 4 S = b K= 9

B. a. What is the area of a square with a side length of 12 units? Draw a

model. ‘/i
- s

b. What is the area of a square with a side length of 25 u‘nylav:/ a'l
model.



NAME

Perfect Squares

List the first twenty perfect squares without using a calculator:

12
22
32
42
52
62
72
82
92
102

Use the perfect squares above to estimate the following square roots:

55 =

V168 ~

o~

V201 =

G~

DATE

112 =
122
132 =
142 =
152 =
162 =
172 =
182 =
192 =
202 =

V119 =

V353 =

/401 =

V141 =

N277 =

PERIOD



Loy~
NAME [ {if DATE PERIOD

Perfect Squares

List the first twenty perfect squares without using a calculator:

12 = | 112 = |72}

22 = 122 = 14y

32:= 4§ 132 = } 4

4% = V| 142 = |G
52 = & 152 = 22§
6% = in 16°= 150
AN 172 = 2%
82 = lot 182 = 324
92z Qi 192 = Al
102 = )OO 202 = YOO

Use the perfect squares above to estimate the following square roots:

T 4N V100 + (ﬁ.},%

5= 943 V119 ~ ILEd s
(2.0 (L5

< Q,Vé‘@z T » 1A 353~ T34 « V3L

12413
I‘Z:}?}

oz

18

JVior g s Ve

B34

'/3:;%‘
S
V201~

19l ¢ 22€

¥ s Y
Be LD
Va) + {0

a4 10

(@.D

5




Name Date: Period:
Looking for Pythagoreans: Rational vs. Irrational Numbers

some decimals such as 0.5 and 0.375 terminate which means they have a limited number of
digits.

Other decimals such as 0.3333.... and 0.181818... have a repeating pattern of digits that never
ends.

Terminating or repeating decimals are called rational numbers because they can be expressed
as ratios.

Here are some example of rational numbers written in decimal and ratio (fraction) form:

05 = 0.3125= > 0.333 = 0.181818 = =
16 11

W | =

1
2

Some decimals neither terminate nor do they repeat. Numbers written as decimals that don't
terminate and don't repeat are called jrrational numbers. Irrational numbers can not be
written in ratio (fraction) form. Basically, if a number is not a rational number then it is an
irrational number.

‘{ere are some examples of irrational numbers:

V2 3 T 2.236067978.....

Now look at the list of numbers below. Decide which numbers are rational and which are
irrational.

2.9 —% bi 0343343334 5 227 J20
255 4 0.001001001 N2 J25 0.060606.. 4.545

Place all the rational numbers here. Place all the irrational numbers here.
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Name Date: Period:

_Looking for nyhagoréans; @,ajrional vs. Irrational Numbers

;ome decimals such as 0.5 and 0.375 terminate which means they have a limited number of
digits. '

Other decimals such as 0.3333.... and 0.181818... have a repeating pattern of digits that never
ends.

Terminating or repeating decimals are called rational numbers because they can be expressed
as ratios.

Here are some example of rational numbers written in decimal and ratio (fraction) form:

05 = '0.3125:%  0333=

1 0181818 = =
2 11

W | =

Some decimals neither terminate nor do they repeat. Numbers written as decimals that don't
terminate and don't repeat are called irrational numbers. Irrational numbers can not be

written in ratio (fraction) form. Basically, if a number is not a rational number then it is an
irrational number.

“{ere are some examples of irrational numbers:

V2 NE) n 2236067978

Now look at the list of numbers below. Decide which numbers are rational and which are
irrational.

29 7196/ 5is 0343343334, 45 227 NEY S

255 A 0.001061001 D 0.660606 . 55{5

|

Place all the rational numbers here. Place all the irrational numbers here.

420 _1.55 |
Sk L3424 2334

1.5US 1 .ootool®®
MC"%W Dbou{)‘é
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Topic 4: Translations in the Coordinate Plane

.........................................................................................................................

for use after Shapes and Designs @ [\ =3 4l ELdls]; !

A transformation is the change in the size, shape, or position of a figure.
A translation is a transformation in which each point of a figure moves the
same distance and in the same direction. This design contains many such
figures.

O\ L0\ )\ A\

~ Problem

A. Copy AABC and translate it to AA’B’C’ using the steps below.

6 y A
LN
2

0] 2 4 6X
1. From A, count down 2 units and to the left 3 units. Label the new
point A’(ay-prime).

2. Find and label points B’ and C’ by counting down 2 units and left
3 units.

3. Draw AA’B’C".

B. Draw a line from A to A’, from B to B’, and from C to C’.
1. Compare the length of the three lines.
2. Compare the direction of the three lines.
3. Explain why AA’B’C’ is a translation of AABC.




Exercises

1. For each of the directions below, copy the graph and translate y
ARST. Label the image AR’S"T". 6

a. Translate ARST up 2 units. 4
b. Translate ARST to the right 2 units. 2

¢. Translate ARST to the left 2 units and down 4 units.

d. Translate ARST to the right 1 unit and down 1 unit.
e. Translate ARST to the left 2 units and up 1 unit.

2. Danielle drew the figures at the right to represent a y
translation.

a. Describe the translation of point E to point £’. 8

b. Name the coordinates of an unlabeled point on the 61
bottom figure, then give the coordinates of the

translated image of that point. 4 E K H'

S~

~

¢. Jeremy says that Danielle only plotted 6 points todo 2
the translation, so that means only 6 points on the F

QO 3

original figure were translated. Do you agree with o 2 4 6

Jeremy?

3. Chee wrote this rule to describe the translation of AABC to AA’B’C’:
(X, y) —(x+1,y—4)

a. How does Chee’s rule use coordinates to translate a figure?

b. Chee drew AKL M with vertices at K(2,7), L(4,6),and M(3,4). He
then followed his own rule to draw AK’L’M’. Draw both of these
triangles.



At a Glance

Topic 4: Translations in the Coordinate
Plane PACING 1 day

s

Mathematical Goals

e Identify the translations used to move a polygon from one location to
another in the coordinate plane.

e Explain how translations affect the location of a polygon in the
coordinate plane.

Guided Instruction(':;

%,

" Vocabulary
# transformation
@ translation

Among the three main types of transformations your students will study—
translations, rotations, and reflections—translations should be the easiest
for the students to grasp. Students will find translations relatively easy to

model by tracing the outline of a flat shape on graph paper before and after Materials
sliding the shape from one location to another. Have students work in pairs ® Labsheets 4. 1,
for this type of modeling. In those activities where students copy a shape 4ACE Exercise 1

and then draw its prescribed translation, tracing paper can be used to
confirm that the original shape and the translated image are congruent.

In the translation problems and exercises, the points being used for the
translation are all vertices. You should briefly review the definition of a
vertex as the point in a polygon where two sides meet.

Although the translations in this lesson are shown as occurring only in
the first quadrant, more advanced students should be encouraged to
translate shapes between any two locations in the coordinate plane.

Before Problem 4.1:

& Describe some of the figures in the design at the top of the page that are
repeated as you move from left to right. (various descriptions of
triangles and a square.)

During Problem 4.1, A:

& Why do you think it is a good idea to name the translated triangle with
A’, B’, and C’ instead of just using other letters altogether? (It makes it
easy to match up the original points with the translated points.)

After Problem 4.1:
e How can you prove that the direction from A to A’ is the same as the

direction from B to B’ and C to C’? (They all form a diagonal of a
2 unit X 3 unit rectangle.)

@ How could you make sure that AA’B’C’ is the same size and shape as
AABC? (Trace one triangle onto tracing paper and see if the shapes
match; or measure all the sides and the angles.)

® What changes when you translate a figure? (Its position.)

You will find additional work on transformations in the grade 8 unit
Kaleidoscopes, Hubcaps, and Mirrors.

/
o, e




ACE Assignment Guide
for Topic 4

Core 1-3

Answers to Topic 4

Problem 4.1 d.

8
A. y

4lA e
fB C
2l L\
D/ Vol

[ =4 A

(0] 2 4 6

B. 1. The lines are the same length. e.
2. The lines are in the same direction.

3. Every point on AABC moved the same
distance and in the same direction.

Exercises 5
1. a. y [
8 0 X
R @; _ 0 2 4 6 8
6 T
R 2. a. To the right 2 units then up 2 units.
: R b. (2,1); (4,3)
2 ¢. Answers may vary. Sample: Every single
X point on the original figure was translated.
0 0 > R 3 The number of points translated is infinite.
3. a. It says that every point on AABC moves 1
b. . y s 5 unit to the right, then 4 units down.
' T T’r K
2 6 L
X
4
% 2 7 & = M
K!
¢ty ¢ : 2 L
6 : 0 i%4 X
RQ RES 0 2 4 6 8
4 , T
S/
2 .
o Q \ T’ X




Name Date_ (lass

Labsheet 4.1

---------------------------------------------------------------------------------------------------------------------

Translations in the Coordinate Plane

ALy
. A
4
B c
2
X
0 2 4 6
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Class

Date

Name

Topic 4

Labsheet 4ACE Exercise 1

sescsse

ssv0s8000

seses

cessasss

XA

A
6V

a.

x A

x A

A
6l Y

C.
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Topic 5: Reflections in the Coordinate Plane

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

for use after Shapes and Designs QN5 il Eyel]) 1t}

A reflection is a transformation that flips an image over a line called the
line of reflection. If you hold your open hand against the edge of a mirror so
that your thumb is facing in your direction, every detail of your real hand
appears as a reflected image in the mirror. The edge of the mirror is the line
of reflection.

_ Problem
A. The reflection of two points across the line y = 3 is 1%
shown. Point G’ (gee-prime) is the reflection of point G.
Point H’ is the reflection of point H. 3
1. What is the shortest distance from G to the line of
reflection? 6 G
. & ¥
2. Compare your answer to the distance from G’ tothe 4 Hg
line of reflection. » - -
Y= :
3. Does the same comparison hold true for H and H’? 2 ! H,'
GI

4. Write a rule for reflecting a point across a line.

y
x=4
8 I
I
6 I
4 B B’
o'/ \
2 I
i
C I C
0} 2 4 6 8 X

1. Fold the graph all the way over along the line x = 4. What are you
looking at?

2. What do you notice when you compare the distance from vertex B to
the line for x = 3 with the distance from vertex B’ to the same line?

3. Make the same type of comparison for the remaining vertices.

4. How can you expand the rule you wrote in Problem A to cover the
reflection of a polygon across a line?




Exercises

1. Copy the figure on graph paper and graph its image after
a reflection across the line for x = 3.

2. Evie was asked to draw three different reflections
of figure A. Only one of her reflections is correct.

y

(0] 2 4 6 8 X

a. Which figure is the reflection?
b. What is the line of reflection?

3. Two of the pairs of letters represent a reflection.

v}

a. Which pair does not represent a reflection?
b. Can any letter be flipped across a line of reflection?

¢. Flip your printed name over a line of reflection.

4. Tiarareflected the figure at the right and Deena
translated it. Their new figures ended up in exactly the
same location. Draw Tiara’s reflected figure.

5. Ron and Leah wanted to show a reflection over a line by
tracing a flat shape then flipping it over the line and
tracing it again. Whose reflection will be more difficult to
draw?

Ron 5 Leah

¥
1

1

'

¥ 1

i '

lines of reflection




" Topic 5: Reflections in the Coordinate
Plane

Mathematical Goals

R AR

PACING 1 day

e Identify reflections used to move a polygon from one location to another

in the coordinate plane.

* Explain how reflections affect the location of a polygon in the coordinate

plane.

(Guided Instruction |

Once students understand the reflection of a point across a line, as

presented in the first problem, the notion of reflecting a figure across a line

by reflecting vertices and then connecting them should come fairly easily.
Some students may have the mistaken impression that a line of reflection
has to pass through at least one line of an original and reflected image so
that the two images are touching. Problem B and Exercise 2 provide
examples of reflections in which this is not the case.

The main emphasis in the lesson is the reflection of a geometric figure

across a horizontal or vertical line in the coordinate plane. Although this
lesson restricts itself to the first quadrant, you should use your judgment

with regard to presenting examples of reflections across the x- and y-axis. If
you do so, remind students to find reflected points simply by counting units

between points and the line of reflection.
After Problem 5.1 A ask:

@ How do you think you could reflect a line segment across a line of

reflection? (Reflect the endpoints of the line segment and connect the

two reflected points.)
After Problem 5.1 B ask:

# Does the line of reflection have to be touching a figure and its reflected

image? (No)

e How far away from a line of reflection can a figure and its reflected
image be? (There is no mathematical limit.)

® What is the procedure for drawing the reflection of a triangle across a
line that runs through the triangle? (It is the same procedure as for a

line of reflection exterior to the triangle: reflect the vertices across the

line, then connect the reflected vertices.)

You will find additional work on transformations in the grade 8 unit
Kaleidoscopes, Hubcaps, and Mirrors.

" Vocabulary
@ reflection
# line of reflection

Materials

¢ Labsheet
5ACE Exercises

o




ACE Assignment Guide
for Topic 5

Core 1-5

Answers to Topic 5

Problem 5.1

A 1.
2,

2 units

G’ 1s also 2 units from the line of
reflection.

. Yes
. Answers may vary. Sample: To reflect a

point across a line, plot a point on the
opposite side of the line that is the same
distance from the line as the original point.

. You would only see one triangle because

the one triangle would be perfectly
positioned over the other on.

2. The two distances are the same.

. Points C and C’ are the same distance from

the line, as are points D and D’.

. Answers may vary. Sample: To reflect a

polygon across a line, for each vertex plot a
point on the opposite side of the line that is
the same distance from the line as the
original vertex. Connect the plotted points
to form the reflected polygon.

Bxercises
1. :

8y

6

0 2 4 6 8

.a.C

b.y=5

.a.(2)

b. yes
¢. Check students’ work.

. Answers may vary. Sample:

X

0O 2 4 6 8

. It will be more difficult for Leah because

Ron’s line of reflection is right up against a
side of the rectangle, but Leah does not have
that guidance, so the triangle could swivel
when it is flipped and the vertices of the
flipped image will not lie opposite the vertices
of the original figure.



Name Date _ (lass

Labsheet SACE Exercises

---------------------------------------------------------------------------------------------------------------------
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Name Date Class

Additional Practice

©00600000000000000000000000000000000000060606000000000600000006000000 ©000000005060000000000000000000000000000600000880066008800

Kaleidoscopes, Hubcaps, and Mirrors

Describe a reflection or a combination of two reflections that would move
Shape 1 to exactly match Shape 2.

1. y
5
« X
-5 o 5
-5
2
{
2. y
5
_ X
-5 o 5
-5

84
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Name Date Class

Additional Practice (continued)

......................................................................................................................

Kaleidoscopes, Hubcaps, and Mirrors

Draw the image of the polygon under a reflection in the line. Describe what
happens to each point on the original polygon under the reflection.

4

A shape and its image under a line reflection are given. Do parts (a) and (b).
a. Draw the line of symmetry for the figure.

b. Label three points on the figure, and label the corresponding image points.
| 2 ; | %

85



Name Date Class

Additional Practice (continued)

-------------------------------------------------------------------------- ©020000000000000000000005000000000000660000060

Kaleidoscopes, Hubcaps, and Mirrors

For Exercises 7 and 8, perform the translation indicated by the arrow. Describe
what happens to each point of the original figure under the translation.

7. A 8. D

9. Rotate triangle ABC 90° clockwise about point R. Describe what happens to
each point of triangle ABC under the rotation.

86
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Name Date Class

Additional Practice (continued)

......................................................................................................................

Kaleidoscopes, Hubcaps, and Mirrors

10. Rotate polygon ABCDEF 180° about point F. Describe what happens to
each point of polygon ABCD EF under the rotation.

C

For Exercises 11-13, refer to this diagram.

11. Draw the image of square ABCD under a reflection in the line.
12. Draw the image of square ABCD under a 45° rotation about point D.

13. Draw the image of square ABCD under the translation that slides point D to
point P.

87



Name Date Class

Additional Practice (continued)

.................................................................................. ©6006020000000006000060000000000000008000

Kaleidoscopes, Hubcaps, and Mirrors

For Exercises 14-17, a polygon and its image under a transformation are given.
Decide whether the transformation was a line reflection, a rotation, or a
translation. Then indicate the reflection line, the center and angle of rotation, or
the direction and distance of the translation.

5 4

88
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Name Date Class

Additional Practice (continued)

...........................................................................................................

...........

Kaleidoscopes, Hubcaps, and Mirrors

18. Suppose the shape below is translated according to the rolls of a six-sided
number cube.

e Ifal,2,or3isrolled, the shape is translated 3 units to the right.

If a 4 is rolled, the shape is translated 3 units up.

If a 5is rolled, the shape is translated 3 units down.

If a 6 is rolled, the shape is translated 3 units to the left

a. Draw the shape in its location after the following sequence of rolls: 3, 5, 6.
What are the new coordinates of a general point (x, y) on the shape after
this sequence of rolls?

b. Draw the shape in its location after the following sequence of rolls: 1, 6, 4,
What are the new coordinates of a general point (x, y) on the shape after
this sequence of rolls?

¢. What sequence of rolls will produce a final image whose coordinates are
all negative?

89



Name Date Class

Additional Practice (continued)

-------------------------------------------------------------------------------------------------------------------

Kaleidoscopes, Hubcaps, and Mirrors

19. Describe two different sets of transformations that would move square

20.

90

PQORS onto square WXYZ.

w
A
P Q
z X
S R
Y
Use the figure below to answer (a)—(g). Ly
a. Write the coordinates of the points A, B, C, D. . s
A
b. Write the coordinates of the image of ABCD 3
after a reflection in the x-axis. ( 2
C 1
1
- % X

¢. Write the coordinates of the image of ABCD 2710 1 2
after a reflection in the y-axis. !
=2
-3
d. Write the coordinates of the image of ABCD =4

after a translation of 3 units to the right. . /

e. Write the coordinates of the image of ABCD after a translation of 4 units

to the left.

f. Write the coordinates of the image of ABCD after a translation of
2 units up.

g. Write the coordinates of the image of ABCD after a translation of

1 unit down.
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Name Date Class

Addltlﬂnal Practice (contmued)

................................................................................................. socccec0ccc00000000

Kaleidoscopes, Hubcaps, and Mirrors

21. Use the figure below to answer parts (a)—(e).

y

112 3 4

a. Write the coordinates of the points A, B, C, D.

b. Write the coordinates of the image of ABCD after a reflection in the
line x = 1.

¢. Write the coordinates of the image of ABCD after a reflection in the
line x = —2.

d. Write the coordinates of the image of ABCD after a reflection in the
liney = 1.

e. Write the coordinates of the image of ABCD after a reflection in the
liney = —3.
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Additional Practice (continued)

----------------------------------------------------------------------------------------------------------------------

Kaleidoscopes, Hubcaps, and Mirrors

For Exercises 22 and 23, suppose the pattern in the graph continues in both
directions. Identify a basic design element that could be copied and transformed
to make the entire pattern, and describe how the pattern could be made from
that design element.

22. )\

/// -5 0 \\\;/ ‘m *\\\

23.

NN

24. Plot the points (2,4), (3,5), (5,5), (4,4),(5,3), and (3, 3) on a coordinate grid.
Form a polygon by connecting the points in order and then connecting the
last point to the first point. Reflect the polygon in the y-axis. Then translate
the image 6 units to the right. Finally, rotate the second image 90° about the
origin. What are the coordinates of the vertices of the final image?

5-4-3-2 0| 12345
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Name Date Class

Skill: Analyzing Transformations

----------------------------------------------------------------------------------------------------------------------

Kaleidoscopes, Hubcaps, and Mirrors

Figure II is the image of Figure 1. Identify the transformation as a translation, a
reflection, or a rotation.

1. 2.
11

II

II

Describe the symmetries of each tessellation. Copy a portion of the tessellation,
and draw any centers of rotational symmetry or lines of symmetry.

AWAWA
NN
AVWAWA
\WAVAW,
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Additional Practice

©0e0000000000000000000000000000000000000000000600000600000000006000000000000060060000000000000000000006000000000000600000

Kaleidoscopes, Hubcaps, and Mirrors

For Exercises 1-6, refer to the grid below.

by
A | C
aD
F : E
® { 2
X
-3 o 3
3| oB
1

1. What are the coordinates of the image of point A under a translation that
moves point (1, 2) onto point (—2,0)?

2. What are the coordinates of the image of point B under a translation that
moves point (1,2) onto point (4, —4)?

3. What are the coordinates of the image of point C under a translation that
moves point (1, 2) onto point (=3, —2)?

4. What are the coordinates of the image of point D under a reflection in the

Xx-axis?

5. What are the coordinates of the image of point E under a reflection in the
y-axis?

6. What are the coordinates of the image of point F under a reflection in the
line y = x?
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Additional Practice (continued)

..... $06000000000000000080080000000000000000000000000000000000000000000000000000000000000000000080000000000600000000808050

Kaleidoscopes, Hubcaps, and Mirrors

7. Identify two congruent shapes in the figure below, and explain how you could
use symmetry transformations to move one shape onto the other.

For Exercises 8-9, refer to the grid below.

4
1 2
2 //I
-=7
22
\IX
-3 o -3
1 /
2 1/
3 i l{
',
A

8. Describe how you could move Shape 1 to exactly match Shape 1’ by using at least
one translation and at least one reflection.

9. Describe how you could move Shape 2 to exactly match Shape 2’ by using at least
one translation and at least one reflection.
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Name Date Class __

Additional Practice (continued)

......................................................................................................................

Kaleidoscopes, Hubcaps, and Mirrors

For Exercises 10-12, refer to the grid below.

y

=

4
]

/|
/

_4\/ 0 4

10. a. On the above grid, draw the final image created by rotating polygon
ABCD 90° counterclockwise about the origin and then reflecting the
image in the x-axis.

b. On the above grid, draw the final image created by reflecting polygon
ABCD in the x-axis and then rotating the image 90° counterclockwise
about the origin.

¢. Are the final images in parts (a) and (b) the same? Explain.

11. What single transformation is equivalent to a counterclockwise rotation of
90° about the origin followed by a rotation of 270° counterclockwise about
the origin?

12. What single transformation is equivalent to a reflection in the y-axis,
followed by a reflection in the y-axis, followed by a reflection in the y-axis?
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Additional Practice (continued)

......................................................................................................................

Kaleidoscopes, Hubcaps, and Mirrors

13. Use the figure at the right to answer parts (a)—(c). Ay
a. Write the coordinates for point A, B, C, D, E. : B, /D
\S/
3
2
A E X
b. If the figure (the “M”) was reflected in the -3-2-10 2 3 |
x-axis, write the coordinates of the images of ‘
A,B,C,D and E. -2
2
¢. If the figure (the “M”) was reflected in the
y-axis, write the coordinates of the images of
A,B,C,D and E.
14. Use the figure at the right to answer parts (a)—(c). Ay
a. Write the coordinates for point A,B,C, D, E. B | D
\/
2
A I E X
b. If the figure (the “M”) was reflected in the 3210 2 3 i
x-axis, write the coordinates of the images of -1
A,B,C,D and E. L
-3

c¢. If the figure (the “M”) was reflected in the
y-axis, write the coordinates of the images of
A,B,C,D and E.
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Additional Practice (continued)

......................................................................................................................

Kaleidoscopes, Hubcaps, and Mirrors

15. Use the figure at the right to answer y
parts (a)—(c).

a. Write the coordinates for point A, B, C,D, E.

b. If the figure (the “M”) was reflected in the
x-axis, write the coordinates of the images of -2
A,B,C,Dand E.

c. If the figure (the “M”) was reflected in the
y-axis, write the coordinates of the images of
A,B,C,D and E.

16. Complete the table:

Point Transformation Coordinates of the Image

(3, 2) | Reflection in the x-axis

(3, 1) | Reflection in the x-axis

(3, 0) | Reflection in the x-axis

(3, —1) | Reflection in the x-axis

(3, —2) | Reflection in the x-axis

17. Complete the table:

Point Transformation Coordinates of the Image

(3, 2) | Reflection in the y-axis

(2, 2) | Reflection in the y-axis

(1, 2) | Reflection in the y-axis

(0, 2) | Reflection in the y-axis

(—1, 2) | Reflection in the y-axis
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Date

Class

Additional Practice (continued)

......................................................................................................................

Kaleidoscopes, Hubcaps, and Mirrors

18. Describe the types of points, which are fixed after a reflection in the x-axis.

19. Describe the types of points, which are fixed after a reflection in the y-axis.

20. Complete the table:

Point Transformation Coordinates of the Image
(2, 4) | Reflection in the liney = x
(2, 3) | Reflection in the liney = x
(2, 2) | Reflection in the liney = x
(2, 1) | Reflection in the liney = x
(2, 0) | Reflection in the liney = x

21. Complete the table:

Point Transformation Coordinates of the Image
(2, 4) | Reflection in the liney = x
(3, —4) | Reflection in the liney = x
(4, 4) | Reflection in the line y = x
(=5, 4) | Reflection in the line y = x
(—2, 0) | Reflection in the liney = x

22. Describe the types of points, which are fixed after a reflection in the
line y =x.

106

Investigation 5

“panias) SJBi [y “[IOH 8I4ualg U0sinag 5o Buysygnd “3u| ‘uoyoanp3 uosinad @



© Pearson Education, Inc., publishing as Pearson Prentice Hall. All rights reserved.

Name

Date Class

Skill: Transforming Coordinates

---------------------------------------------------------------

AA’B’'C' is a reflection of AABC over the x-axis.
Draw AA’B’C’ and complete each statement.

1. A(=5,1)—> A'(x,y)

2. B(—1,5)—> B'(x,y)

3. C(6,2) > C'(x,y)

Graph each point and its reflection across the
indicated axis. Write the coordinates of the
reflected point.

4. (—3,4) across the y-axis

(%]

. (—4, —2) across the x-axis

[=)]

. (2,2) across the x-axis

~

. (0,3) across the x-axis
8. (4, —6) across the y-axis

9. (—4, —2) across the y-axis

Investigation 5

.......................................................

Kaleidoscopes, Hubcaps, and Mirrors

[o]

/

Q--

|
IS

|
0

N
(=]

Ll @ 1 1 1 1 11 1
@ <
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Skill: Transforming Coordinates (continued)

----------------------------------------------------------------------------------------------------------------------

Kaleidoscopes, Hubcaps, and Mirrors

Write a rule to describe each translation.

10. (x,y) > 1. (x,y)—>

N
Ik

V>
D

o

Qla
=

|

)QQ

>
Q
A
AN TE
7

12. (x,y)—> 13. (x,y)—>

Ay k A

A point and its image after a translation are given. Write a rule to describe the
translation.

14. A9, —4),A'(2,-1) (x,y)>

15. B(-3,5),B'(-5,-3) (x,y)—>

Whrite a rule to describe each statement.

16. In a 90° rotation, move point (x, y) to

17. In a 180° rotation, move point (x, y) to
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Kaleidoscopes, Hubcaps and Mirrors Answers

----------------------------------------------------------------------------------------------------------------------

Skill: Identifying Reflection Symmetry
1.1 2.2 3.2 4.1

8. no

9. yes 10. yes

24

Skill: Identifying Rotation Symmetry

1. no 2. yes; 180° 3. yes; 90°
4. no 5. yes, 90° 6. no
7. yes, 270° 8. yes, 315° 9. yes, 360°

Investigation & Additional Practice
1. areflection over the y-axis
2. Possible answer: a reflection over the line
x = 2, followed by a reflection over the
liney = —1.5

In Exercises 3 and 4, each point is matched to
an image point on the other side of the line of
reflection. The image point lies on the line
passing through the original point,
perpendicular to the line of reflection. The
distance from the image point to the line of
reflection is equal to the distance from the
original point to the line of reflection.

3. 4

[vo}

BI

Cl
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Kaleidoscopes, Hubcaps and Mirrors Answers

9. Each point X on triangle ABC is matched

6. —-
P R to an image point X’ so that RX = RX’

Q and the measure of angle XRX" is 90°.

i B A
A
BI
o R
q

In Exercises 7 and 8, each point on the

original figure is matched to an image point 10. Each point X on polygon ABCDEF is

whose distance and direction from the original matched to an image point X" so that

point are determined by the arrow. FX = FX' and the measure of angle XFX
7. A is 180°.
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Kaleidoscopes, Hubcaps and Mirrors Answers

----------------------------------------------------------------------------------------------------------------------

11. B C
B’ Al
A D
C, DI
i2. B C
Cl
BI
A D, D’
A’
13. 3 C
B’ C
A D
AI D/’ PI

14. arotation of 90° about point P

P

26

15. atranslation with the length and direction
indicated by the arrow

[5>

16. a translation with the length and direction
indicated by the arrow

[

17. areflection over the line shown

<Y
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Kaleidoscopes, Hubcaps and Mirrors Answers

----------------------------------------------------------------------------------------------------------------------

18. a. The result is labeled shape a in the 21. A B C D
drawing below. The coordinates of a
general point (x, y) after the sequence a.| 3 06 (30 0 -4
of rolls is (x,y — 3). b.| 0,3) (26 6.0 | 0O,-4
b. The result is labeled shape b in the C. [ (-6,3) (-4,6) (-1,0) (-5, -4
drawin{g be}ov&g Th)e cfoordik:lates ofa d. | @ -1 0, -4 (3,2 (1, 6)
general point (x, y) after the sequence - - L .
of rolls is (x + 3,y + 3). & 29 012 (36 0.-2
] Py shape b 22. One possible basic design element is
shown below. You can generate the entire
pattern by repeatedly translating this
element 7 units to the right or left and
« 0 X then reflecting alternate elements over
__S shape a 5 i the x-axis.
-5
4

23. One possible basic design element is
shown below. If you start with the copy of
this element immediately to the left of the
y-axis, you can generate the right half of

¢. Possible answer: 5,6
19. Possible answer: Reflect square PORS
over the line and then rotate it 45°

counterclockwise about its centerpoint. the pattern by reflecting this element over

Rotate square PORS 225° and then the line x = 0, then x = 6, then x = 12,

translate it until vertex P matches then x = 18, and so on. You can generate

vertex Y. the left half of the pattern by reflecting
20. o 5 z 5 this element over the line x = —6, then

x = —12,then x = —18, and so on.

a. | (1,3) 0, 4) (=2, 1) 0, 0)

b. |(1,-3) (0,-4) (-2,-1) (0,0)

¢ |(-1,3 04 @1 00

d | 43 G4 1 G0

e. | (-3,3) (4,4 (-6,1) (-4,0)

f. | (1,5) (0,6) (-2,3) (0,2

g.| 1L (0,3 (2.0 (-1
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Kaleidoscopes, Hubcaps and Mirrors Answers
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24. The coordinates of the final image are
(—43 4) (-5’ 3)3 (_-Sa 1)’ (—47 2)7 (_37 1)7
and (—3, 3). Since (x,y) = (—x,y) —
(—x+6,y) > (—y,—x +6).

Y

; «
Qﬁnal original
N image .

X

<t
<€

-3 o 3

-3

Skill: Analyzing Transformations
1. translation

reflection or rotation

reflection or rotation

reflection or rotation

iR W

translational symmetry

rotational symmetry,
~ translational symmetry,

translational symmetry

line symmetry,
rotational symmetry,
~ translational

~7 symmetry,

glide reflectional
symmetry

/_ line symmetry,

- rotational symmetry,
translational
symmetry,

glide reflectional
symmetry

28

10.

rotational symmetry,
translational symmetry

Investigation 3 Additional Practice

1. a. AB=DF BC =FE CA=ED
LA=/D s/B=/F /C=/1F

b. AB=GH BC=HK CA=KG
LA=/G /B=/H /C=,K

¢. AB=TS BC=SR CA=RT
LA=/,T B=/,S £LC= /R

2. a. AD = BC correspond to FE = HG
/LA = /Bcorrespondto LF=/H
£C = D correspondto LG = LE

b. AD = BC correspond to NM = PR
AB = DC correspond to NP = MR
/A= /Ccorrespondto ZN= /LR
LB = /D correspondto LP= /M

3. a. AJINM = AJNK = AKNL = ALNM
b. AMLK = AMKJ = AJLK = AJLM

4. NABD = ACDB:;since AD = BC,
‘AB = CD, and DB = BD by SSS the
triangles are congruent.

5. AABC = ACDA;since AD = CB,
DC = BA, and CA = AC by SSS the
triangles are congruent.

6. Using SSS = SSS as was done in
Exercises 4 and 5, the following pairs of
triangles are congruent:
ANABD = ACDB
AABN = ACDN

AABC = ACDA
AADN = ACBN

a. A(—2,-1);B(2,—1);C(2,2)

b. A'(1,-2); B'(1,-2);C'(—2,2)

¢. Rotations preserve the shape of the
original triangle so the triangle and its
image are congruent.
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Kaleidoscopes, Hubcaps and Mirrors Answers

......................................................................................................................

Investigation 4 Additional Practice

1. a. Yes; by SSS = SSSsince AC = AC,
AD = AB, and DC = BC.

b. Yes; Corresponding parts of congruent
triangles are congruent so angles DAC
and BAC are congruent. Thus AC
bisects angle DAB.

¢. Yes; Corresponding parts of congruent
triangles are congruent so angles DCA
and BCA are congruent. Thus AC
bisects angle DCB.

2. a. Yes; by SSS = SSSsince AD = AD,
AC = AB (since triangle ABC is
isosceles) and LADC = LADB are
right angles (since BC is a straight
angle).

b. Yes; Corresponding parts of congruent
triangles are congruent so angles CAD
and BAD are congruent. Thus AD
bisects angle CAB.

CD, DE and EF; since the hexagon has
60° rotation symmetry and segments
design inside the hexagon which also
has 60° degree rotation symmetry, the
segments are congruent. Since the
hexagon with the segments AP, BP,
C_};, DP, EP and FP drawn from point
P is composed of 6 equilateral
triangles ABP, BPC,CPD, DPE, EPF,
FPA, we also get that

b. £PAB is congruent to every acute
angle (for a total of 18 congruent
angles) in the diagram, since all 6
triangles formed are the angles of an
equilateral triangle and thus have a
measure of 60°.

4, a.

b.

Yes; Given the information only one
triangle is possible by SAS.

No; Given SSA does not guarantee
that you have a congruent triangle. For
example, two triangles are drawn
below each with sides AB = 5 cm,

AC =7 cm, £ B = 40°; however, they

are not congruent.

. Yes; Given the information only one

triangle is possible by ASA.

. Yes; Given the information only one

triangle is possible by ASA since the
third angle is 50°.

. Yes; Given the information only one

triangle is possible by SSS.

No; Given AAA does not guarantee
that you have a congruent triangle. For
example, two triangles are drawn
below each with £ A = 50°, 2B = 40°,
£ C = 90° however they are not
congruent.

B B
>4 383 40°
50 90°f . 10 66
3.21
VA 90|
6.43
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Kaleidoscopes, Hubcaps and Mirrors Answers

----------------------------------------------------------------------------------------------------------------------

Skill: Using Congruence 10. a. The final image is labeled image a.

1. ANLM 2. AFED 3. ARTS b. The final image is labeled image b.

4. a. LFED b. FE C. LA ¢. The images are not the same. Rotating

5. a. AFED b. AEFD ¢. ADFE a figure 90° counterclockwise about

6. yes; AJKL = AVUT;SSS the origin and then reflecting it over

7. no;not enough information given. the x-axis takes point (x,y) to (—y, x)

8. yes; AVABC = AEDC;ASA and then to (—y, —x). Reflecting a

9. yes; AWXY = AZYX;SAS figure over the x-axis and then rotating
10. yes 11. yes 12. no it 90° counterclockwise about the

origin takes point (x, y) to (x, —y) and

Investigation 8 Additional Practice then to (y, x).

1. (—6,1) 2. (4,-9) 3. (—-1,-1) imagea 1y

4. (1,-2) 5. (-4,1) 6. (1,-2) <>

7. Possible answer: One of the congruent ~
shapes is drawn with a dashed line and , /
the other with a solid line. You can move V/ 0 4X
one shape onto the other by reflecting it '
over the line shown.

“ 7y image b

11. a 360° rotation about the origin

12. areflection over the x-axis
13. A B C D E
8. Possibl Trans] 0 14 ) a. (0,0) (0,4 (2,3) 4, 4) 4, 0)
. Possible answer: Translate shape 1 down B B B
unit and to the left 4 units. Then reflect it ©0 0-4 2-3 G-49 “0
over the line x = —5. Finally, reflect it 0.0 0.4 (=23 (44 (=40

over the line y = x.
9. Possible answer: Reflect shape 2 over the
y-axis and then translate it up 4 units.

14. (Figure 1)
15. (Figure 2)

Figure 1

A B C D E
a. [(-2,00 (=2,4 (0,3 (2,9 (@0
b. | (-2,00 (-2,-4) (0,-3) 2,-4 (2,0
C. (2,0 2, 4) 0,3) (2,4 (=20
Figure 2

A B C D E
a. | (-=2,-4) (=2,0) (0, -1 2,0 (2, —4)
b. (=2,4) (=2,00 (0,1 (2,0) (2,4)
¢« | @-49 @0 -1 (=20 (=2 -4
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16. 22. All points that lie on the line y = x are
Coordinates fixed. Thus all points of the form (x, x)
Point Transformation of the Image where the x coordinate and the y
(3, 2) | Reflection in the x-axis 3, —-2) coordinate are equal.
(3.1) | Reflectioninthex-axis | (3, —1) Skill: Transforming Coordinates
(3, 0) | Reflection in the x-axis (3, 0) 1. —5,—1 2. -1,-5 3. 6,2
(3, —1)  Reflection in the x-axis (3, 1) y
(3, —2) Reflection in the x-axis (3,2 5
17. 8‘£>'08 x
Coordinates At,;‘?w
Point Transformation of the Image -
(3, 2) | Reflection in the y-axis (-3,2) 4. (3,4) 5. (—4,2) 6. (2,-2)
(2, 2) | Reflection in the y-axis (-2, 2)
(1,2)  Reflection in the y-axis (-1,2) ek
(0,2)  Reflection in the y-axis (0, 2) Ok
(—1, 2)  Reflection in the y-axis (1, 2) OREES IR RAE IR
s
18. All points on the x-axis are fixed. Thus all ._m
points of the form (a,0) where a is a 7. (0, —3) 8. (—4, —6) 9. (4, —2)
number. 10. (x +4,y-3) 1. (x -2,y -2)
19. All points on the y-axis are fixed. Thus all 12. (x + 3,y + 1) 13. (x,y + 2)
poing of the form (0, b) where b is a 14 (x -7,y +3) 15. (x — 2,y — 8)
number. oy —y —
20, 16. (—y,x) 17. (—x, —y)
Coordinates
Point Transformation of the Image
(2, 4)  Reflection in theliney = x 4,2)
(2, 3) Reflectionin theliney = x (3, 2)
(2, 2) | Reflection in the liney = x (2, 2)
(2, 1) | Reflection in theliney = x (1, 2)
(2, 0) . Reflection in the liney = x 0, 2)
21.
Coordinates
Point Transformation of the Image
(2, 4) | Reflection in the liney = x 4,2)
(3, —4)  Reflection in the liney = x (—4, 3)
(4, 4) @ Reflectionin the liney = x 4, 4)
(=5, 4) Reflection in the liney = x (4, —5)
(—2, 0) Reflection in the liney = x 0, —2)
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Navigations through Geometry

Reflection of Images

oals

To assess students’—

- understanding that reflections preserve the properties of figures;
ability to draw reflections of figures.

Materials and Equipment

A copy of the blackline master “Reflection of Images” for each stu-
dent

Rulers
- Tracing paper

Activity

Students draw the image of each of four figures after the figures have
been reflected over the y-axis of a coordinate grid, and then they draw
the image of each figure after it has been reflected over the x-axis.

Discussion

The students might verify their answers by tracing the figure and
then turning the paper over to show the reflected image of the original.
If they say that the figures are the “same,” ask them to explain in what

ays the figures are the same. They should mention the lengths of the

{es and the measures of the angles. Next, ask them why these proper-
ties remain unchanged. They should regognize that a reflection merely
reorients an object without changing anything else about it. If the stu-
dents fail to notice that the shape and size have not changed, prompt
them to reflect the figure over one of the axes and observe the results.
Once again, focus the students’ attention on the figure’s side lengths
and angles. The degree to which students are troubled by the orienta-
tion of a figure can help you distinguish students with limited prior
experiences from those who are familiar with transformations. For stu-
dents with some background in transformations, orientation will be less
troubling, and they should be able to use appropriate vocabulary to
describe transformations. ’

Tracing tasks give students experience in determining the image of a
figure under a transformation. Exploring relationships between the
preimage (original figure) and the image in translations, reflections, and
rotations is the goal of the following activity (adapted from the Recon-
ceptualizing Mathematics Project n.d.). The students may be more
familiar with the terms s/ide, flip, and turn than with translation, reflec-
tion, and rotation. Allow the students to use the familiar terms to

‘escribe their actions, but also introduce the geometric vocabulary for
such motions.

Chapter 3: Transformations and Symmetry

The CD-ROM
includes an
9% interactive applet,
Transformation
Tools, that can help students
visualize transformations.

45



Name

1. Draw the image of each of the four figures below when the original shape has been reflected across

the y-axis.
A, B.

N
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4 ) 1 ) A 4 ) T ) !
nT ng
AT i3
) il ) 4
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0 4 9 §
-4 -] I y | -t - ] D s
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N
\/ ! ]

S
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s
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2. What image results when each of the original figures has been reflected across the x-axis? Draw the

reflected figures.

Copyright © 2002 by the National Council of Teachers of Mathematics, Inc. s
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Topic 6: Rotations in the Coordinate Plane

.........................................................................................................................

for use after Shapes and Designs QLIS LTS

A rotation is a transformation that revolves a figure around a fixed point
called the center of rotation. A rotation is clockwise if its direction is the
same as that of a clock hand. A rotation in the other direction is called
counterclockwise. A complete rotation is 360°.

A ferris wheel makes a 90° rotation with every % turn.

34010]0;

original rotated 90° rotated 180° rotated 270°  rotated 360°
position clockwise clockwise clockwise clockwise

Problem

The rotation of figure KLMO 180° about (0, 0), which is

| L y M
called the origin of the coordinate plane, is shown. ‘ 6
In K’I’MO, point K’ (kay-prime) is the rotation of e 1N 4
point K, point L’ is the rotation of point L, and point M’ ,
is the rotation of point M. K 2
A. 1. Use a ruler to compare the lengths of OM X
and OM’. -6 -4 -2 4 6
2. What other pairs of segments can you find —2 K
that have the same length? ; 1
3. When a point is rotated, how does its distance
to the center of rotation change? M = 7

4. Describe the movement of the point at the
center of rotation.

5. When you rotate a figure 180°, does it matter whether you rotate
clockwise or counterclockwise? Explain.

B. Describe how to rotate a polygon by using the locations of its
vertices.

C. What is the new location of the point at (0, 6) after it has been
rotated clockwise 180° about the origin?

D. If you think of (0, 6) and point L rotating together, how can that
help you understand the position of L’?




" Problem

The clockwise rotation of AABC 90°about the origin
is shown at the right.

A. Compare the distances from the origin to
points C and C’.

B. When a figure is rotated, does a vertex have
to be the center of rotation?

C. If you draw a line from A and a line from A’
through the center of rotation, what is the
measure of the angle formed at the
intersection of the lines?

Exercises

1. In the diagram, which figure is a rotation of
figure ABCD? Explain how you know.

2. Copy AEFG onto graph paper and draw AE’F’'G’
as its image after a clockwise rotation of 180°
about the origin.

Y F
E 2
G x
4 -2 2 4
—2
-4

3. Copy the figure at the right onto graph paper
and draw its image after a counterclockwise
rotation of 90° about the origin.

4. a. Explain how a 180° rotation of a shape tile can
have the same visual results as a reflection.

b. How can you tell when a 180° rotation will
have a different visual result?

w
X
6
ty
Dy G 7_(
A3 BalA |
' X
B Al Dy
/ \jca
G Dy _~" B,
Aq
6
4
2
O X
—¢ -6 -4 =2 2




Topic 6: Rotations in the Coordinate
Plane

{ At a Glance

PACING 1 day

Mathematical Goals
e Identify rotations used to move a polygon from one location to another in
~ the coordinate plane.
e Explain how rotations affect the location of a polygon in the coordinate plane.
. o N\
Guided Instruction
“ . . . Vocabulary
Rotations can be more problematic for students than translations or o rotation

reflections. Even the 180° rotation of a shape about the origin, as presented
in Problem 6.1 can present difficulties as compared with a reflection of the
same image across the x-axis. It may help students to concentrate on one
vertex as a “leading point,” visualize the arc made by that point, and then
concentrate on the “trailing points” that follow the leader along the arcs of
concentric circles.

No matter where the center of rotation is located—inside, outside or on
the figure—the key indicator of a rotation is the distance from the center of
rotation to any particular point on the figure. To confirm that a rotation has
occurred, students can compare pre- and post-rotation distances of a given
point with a compass, a ruler, or the marked edge of a piece of paper. They
can also consider these two distances as diagonals of congruent rectangles
formed on the coordinate grid. For instance, in Problem 6.2, a line segment
from the origin to C or the origin to C’ would both be the diagonal of a
2 unit X 1 unit rectangle and be of equal length.

Before Problem 6.1:

® How many degrees of a counterclockwise rotation has the same effect as
a 270° clockwise rotation? (90°)

@ What part of the Ferris wheel at the top of the page does not change its
location no matter what type of rotation takes place? (the center)

After Problem 6.1:

& How can you tell that K’L’M’O is not a reflection of KLMO across the
x-axis? (Corresponding points are not the same distance away from the
x-axis on the opposite side.)

& How would the graph look different if the 180° rotation had been
counterclockwise instead of clockwise? (There would be no difference.)

Before Problem 6.2:

& Why do the two figures seem to be floating in space? (The center of
rotation is outside the figure.)

& If you extend all three sides of both triangles, what type of angle do you
think there would be where any the of the lines from corresponding sides
intersect? (90°)

You will find additional work on transformations in the grade 8 unit

Kaleidoscopes, Hubcaps, and Mirrors.

@ center of rotation
@ clockwise
& counterclockwise

Materials

& Labsheets 6.1, 6.2,
and 6ACE Exercises




ACE Assignment Guide
for Topic 6

Core 1-5

Answers to Topic 6

Problem 6.1 Exercises
A. 1.The lengths are the same. 1. Answers may vary. Sample: A,B,C,D,,
2. KO = KO, KL = K’L’,LM = L'M’ because the distances from the origin to the

pairs of corresponding vertices is the same.
3. The distance remains the same.

4. There is no change in the position of the 6 Y
center of rotation. F
5. No, it does not matter. They result in the s 4
same transformation. _// 2
B. Rotate each of the vertices, then draw the E B
sides. e 5 5 64 p X
! - £ >
C. (0, —6) Gf\f~?7g -
D. Answers may vary. Sample: Since L stays 2
units behind (0, 6) during the rotation, it ends \ 4
up 2 units to the right of (0, —6) after the ,\/
rotation. F -6
Problem 6.2 3
A. The distances are the same. ’ . y
B. No 8
C. 90° 6
L*
2 X
8-6-4-2-1 2 468
—4
-8

4. a. Answers may vary. Sample: The tile has to
be symmetrical about a vertical axis.

b. Answers may vary. Sample: The tile must
not be symmetrical about a vertical axis.
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Topic 6

Class

Date
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Name: Date: Period:
Practice with Reflections & Rotations

reflection across the x-axis reflection across v=3

Ay ’ 1 “t

& :

4
\ /
i \ /
\ L
A% X h ;
i
L 4
reflection across v=1 reflection across the x-axis

A Ay

“

/
/ >t

3 b

reflection across the x-axis reflection across v=-2
T2, 2), C(2, 5). Z(5. 4), F{(5.0) Hi=1.-3), M(-1.-4). B(1. =-2), C(3.-3)

P "
F |

R




More Practice with Rotations

1 rotation 1807 about the origin rotation 90° counterclockwise about the
origin
4 ¥ -
/
/ \\
5
L\
> Ty
5 x .
A E
L
i //
7
H ¥
¥
1 rotation 907 clockwise about the origin rotation 180° about the origin
i $ ¥
j
3

ﬁ"‘“
.
.

M H ;
7 F
v rotation 907 clockwise about the origin rotation 180° about the origin
UL, =2y, WO, 2). K(3. 2). G(3,-3) V(2. 0), (1. 3). G(5.0)
4 b ¥

o 4




Name: Date: Period:
Practice with Reflecfions & Rétations
reflection across the x-axis reflection across vy =3
4 v Ay
T .
- \ 1%
[
=t - e o
X X
1
reflection across v=1 reflection across the x-axis
I ' v
T i n
e 7 g
Q#mmnma ‘

X
reflection across the x-axis reflection across v = _?W
7(2.2), C(2,5), Z(5, 4), F{5.0) Hi{—1,-5), M{(-1.—-4). B(1, =2), C(3.-3)
AY R

a
N




v/’""““\«7

More Practice with Rotations

» rotation 1807 about the origin

AN

0

H

1 rotation 907 clockwise about the origin

[ AY ‘b’
=
P }:.
; . \If
: t{ -
\ ¥
M |

1 rotation 907 clockwise about the origin
U1, =23, W0, 2), K(3. 2). G(3.-3)

4 ¥

1 ..
Y
\

\ | W .
v\ X
X

/ »
N £
:' K i

rotation 907 counterclockwise about the

orgin

4

s

i
B

)\

o

i

Lh

Ix

rotation 180° about the origin

4 e

<

=%

Fy

rotation 180” about the origin -
V(2. 0), 5(1, 3). G{5.0)

AY¥

9

™~
3

Ml

A
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Name Date Period

KHM Additional Lesson — Dilations

A dilation is a transformation of a figure that changes its size but not its shape. The scale
factor of a dilation determines the extent of the change in size. A dilation is an enlargement
when the scale factor is greater than 1. It is a reduction a the scale factor is less than 1.When

you dilate a figure, you are either shrinking or enlarging an original figure toward or farther
from another point called the center of dilation.

The picture below shows the dilation of AOB to A’‘OB’ with the center of dilation at the origin. The

naming of a point like A’ (ay-prime) signals that A’ is the new position of A after the
transformation.

A. Is A'OB’ an enlargement or a reduction of AOB?

B. 1. How many times greater is OA’ than OA?

2. How many times greater is OB’ than OB?

. s 5 =
3. How many times greater is A’B’ than AB- 0 3 A%

4. The scale factor in a dilation measures the comparative size of linear measures in a
figure before and after dilation. What is the scale factor of this dilation?

5. When you are examining a dilation, what is the least information you need in order
to determine the scale factor?

C. How did the center of dilation change position in the dilation of AOB?

D. Draw LOM with vertices L(0, 4),0(0, 0), and M(2, 0).

Now draw L’OM’ as a dilation of LOM with the center of dilation at (0, 0) and a scale factor of
1.5.

12

"

10

¢




The graph shows the dilation of figure JKLM to J’K'L’'M’ with the
center of dilation at L(0, 0) and a scale factor of 34.

A. Is J’)K'L'M’ an enlargement or a reduction of JKLM?
B. 1. What is the ratio of side K'M’ to side KM?

2. What is the ratio of the length of line J’K’ to the ©

length of line JK?

C. 1. Make a copy of JKLM on the graph below.

2. Now draw a reduction of JKLM with the center of

dilation at (0, 0) and a scale factor
of Va.

= N W &~ o, ~ o,

WO AW S

i
‘CO
i

Let’s do some more practice!

P

Y

e

=
=

= N W =010 N

[

0N

.
‘ED':‘JU"LITIJLUJI{J_‘IA.

3. Below is a copy of JKLM. Now draw an
enlargement of JKLM with a center of dilation at
(0,0) and a scale factor of 1.25.

4
J K

@ L m o
7

1. Identify each as an enlargement or reduction. Name the location of the center of dilation

and give the scale factor.

“y ﬁ" gf
] —

,, C C
0 2 4 X

Enlargement or Reduction?

Scale Factor:

2 OF 2
Enlargement or Reduction?

Scale Factor:

0]



2. For a dilation centered at the origin you ;
can find the location of points on the dilated 1Y
image by multiplying the coordinates on the ‘
yriginal image by the scale factor.

What are the coordinate for each point?

Point A Point B

Point C Point D p

Use a scale factor of % to find the new

coordinates of our dilated image. Write the
new coordinates below. ; !

Point A’ Point B’

Point C’ Point D’

3. a. Draw AABC with vertices at (-5,-1), (1, 3), and (1,-1).

b. Dilate AABC with a scale factor of 2 and a center of dilation at (0, 0).

-
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. KHM Additional Lesson - Dilations

A dilation is a transformation of a figure that changes its size but not its shape. The scale
factor of a dilation determines the extent of the change in size. A dilation is an enlargement
when the scale factor is greater than 1. It is a reduction a the scale factor is less than 1.When
you dilate a figure, you are either shrinking or enlarging an original figure toward or farther
from another point called the center of dilation. :

The picture below shows the dilation of AOB to A’OB’ with the center of dilation at the origin. The
naming of a point like A’ (ay-prime) signals that A”is the new position of A after the
transformation.

- s V-2 15 4
A. Is A’OB" an enlargement or a reduction of AOB? €V féaff}‘«’%ﬁfﬁ i:;l g
: A b5
B. 1. How many times greater is OA” than OA? 2— AN

2

2. How many times greater is OB’ than OB? l : L
0 2 4%

4. The scale factor in a dilation measures the comparative size of linear measures in a
figure before and after dilation. What is the scale factor of this dilation?

Z

5. When you are examining a dilation, what is the least information you need in order
to determine the scale factor?

length of 2 Lovresponding giolsg

3. How many times greater is A’B’ than AB? l‘

C. How did the center of dilation change position in the dilation of AOB?
I+ staved Hu same.

D. Draw LOM with vertices L(0, 4),0(0, 0), and M(2, 0).

Now draw L'OM” as a dilation of LOM with the center of dilation at (0, 0) and a scale factor of
1.5.

12

L}

10




The graph shows the dilation of figure JKLM to J’K'L'M” with the

center of dilation at L(0, 0) and a scale factor of 34. guv
( A. Is JK'L'M’ an enlargement or a .@mf JKLM? 5
3:Y4or i
B. 1. What is the ratio of side K'M’ to side KM? 2 ; 3 B
1
2. What is the ratio of the length of line J’K’ to the “ € L] | ] W
length of line JK? 2.4 or 3 Mfebda2d,1 12340878
4 2
C. 1. Make a copy of JKLM on the graph below. i
' 5
2. Now draw a reduction of JKLM with the center of 6
dilation at (0, 0) and a scale factor 7
of Va. 8¢
MY
7 3. Below is a copy of JKLM. Now draw an
i enlargement of JKLM with a center of dilation at
y’ (0,0) and a scale factor of 1.25.
3 ' Y
L)
AP v
4-87-575-4-3-2» 1 34567 N
,;;. ‘N.'J‘ %‘ ; '
/ 31 J K (
{ -4
5
: d : e 2l
8‘

Let’s do some more practice! M

1. Identify each as an enlargement or reduction. Name the location of the center of dilation
and give the scale factor.

P : \x
?y-,,é{ g \\0)?;)
: 0
: 2 }:.\ 8 A‘\.»,
O 2 3 x

Enlargementjor Reduction? nlargement™Nor Reduction?

Scale Factor: /)/ _ : “Scale Factor: § g



2. For adilation centered at the origin you
can find the location of points on the dilated 1¥
simage by multiplying the coordinates on the

\__original image by the scale factor.

What are the coordinate for each point?

Point A (O’L\> Point B (q!02

Point C J\v\ ] '%) Point D { O: "L> *,“5

Use a scale factor df % to find the new

coordinates of our dilated image. Write the
new coordinates below.

Point A’ io ) ‘”) Point B’ L’ 9)
Point Ci l. g L‘ g) Point D’ § : "“3) \

3. a. Draw AABC with vertices at (-5,-1), (1, 3), and (1,-1). \
ﬁ"} (Mg, ‘%"} {
R b. Dilate AABC with a scale factor of 1/i«and a center of dilation at (0 -0).
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Name Date Period

Practice - Dilations

Dilate the figures below with the given scale factor and a center of dilation at the
origin, (0,0)

1
1. Scale Factor of 2 and 2. Scale Factor of > and
a center of dilation at (0,0) a center of dilation at (0,0)
¥k ¥
54 2.1
12 12
3% W
4 ™ - af-
\1 o Sl
:Sriaﬁf%:mm; :vr: };Z:;J:-»,i
2 3
3. Scale Factor of 3 and 4. Scale Factor of — and
center of dilation at (0,0) a center of dilation at (0,0)
AY
¥ 7
15 6
=
= 4
N 2
N1/ .
%76’7*-}> 2345!3!?

[

¥

o

o §
Iooiqmma':.ur‘u%

5. AABC has vertices A(1, 2), B(3, 6), and C(9, 7). What are the vertices of the image after a
dilation with a scale factor of 4 using the origin as the center of dilation?



6. Scale Factor of 3 and 7. Scale Factor of % and

center of dilation at (0,0) a center of dilation at (0,0)
¥ ¥ :
5 Y .,
1 s Sl
Z 12 \\
14 3 \\
=3 B \\
N £ )
18 2
Bpp
- A ol - >
IR 10 12 14 15 X e & 8 w0 2 o e 7
f { :
8. Find the scale factor from the 9. Find the scale factor from the
large square to the small square. small triangle to the large triangle.
Y 7
’ 164
B
5 14+
4
N "
! X
% 7 65 4 1 4 5 6 7 E? °
14
N 6
2 4 L
-4
5 Z
5 3
7 -
8% 4

10. Find the scale factor from the large

rectangle to the small rectangle. 11. AABC has vertices A(1, 2), B(3, 6), and C(9, 7).
What are the vertices of the image after a dilation
with a scale factor of 4 using the origin as the center
° « of dilation?

¥V a




Name \j [/\/X Date Period ____
v v

m&Practice - Dilations

(
‘Dilate the figures below with the given scale factor and a center of dilation at the
origin, (0,0)
1. Scale Factor of 2 and _ 2. Scale Factor of 1 and
a center of dilation at (0,0) a center of dilation at (0,0)
7;8 ‘ : o FAB L VRSN NS (NS SN S S
1) “
5 . B
ol [
— \—* : - gy ; 5-
TQ 7_7 oS ‘g]é X Q ! 2 2 T 1;& gﬁ 2 18 X
(. ) 3
3. Scale Factor of 3 and 4. Scale Factor of — and
center of dilation at (0,0) a center of dilation at (0,0)
SJLY
7
~ B
J 3 5 .
\fq-’{\’:\v’b S BS— ‘7 7 ’) @
_% AR S ~ - \ : - (y\ \&\1/;)
N\
/ X~
ﬁi—b-b-‘-?-'?lﬂ '1234581(-%’{;}?
N S
- 2
3 -
: “%
o : ]
e T ;)
L . 6 SE\
W0 o2 e s X 7 WA

‘CO
&
e
3 &,

5. AABC has vertices A(1, 2), B(3, 6), and C(9, 7). What are the vertices of the image after a
dilation with a scale factor of 4 using the origin as the center of dilation?

A 8) B (12,24)  C(36,28)



6. Scale Factor of 3 and 7. Scale Factor of l and

- ~enter of dilation at (0,0) a center of dilation at (0,0)
oy : _ - 5 S
1,,4{,'_,.,..,_‘%” ..&,;h.,ﬂ R ﬂ'} :73,/ - S V-3 B
. ;‘\ \"\} ?x_____'., . P /&
(Y § : - o 14
1 ; \\\\ﬁ }-\ (q,h:} ‘ ™~
B REY :\/1 & c
fﬂ{‘ - \\g S’Q? Ll 1
. ; ok ﬂé)
- I % \ LR ey
; ..
PR \ = & .
; ; \\ sl
i P
s - 2
> 3 : ¥
6 Los o8 f0 1z 14 B X A S R
£ 4 1 : i
8. Find the scale factor from the 9. Find the scale factor from the
large square to the small squage®™ ™ : small triangle to the large triangle.
i Y g
K PUE
AY Ao o } . N
? g \ f i? '/:‘! YA
e 16 L
6 N
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A
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10. Find the scale factor from the large
rectangle to the small rectangle. 11. AABC has vertices A(1, 2), B(3, 6), and C(9, 7).
What are the vertices of the image after a dilation

' with a scale factor of 4 using the origin as the center
L R of dilation? -
gy
7 i/
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NAME: DATE: PERIOD:

Additional Lesson: Angle Vocabulary

w/ Parallel Lines ond PE

Rnde=
The layout of the streets of Washington, I s sl I Nf,w\(g%f&
D.C., was created by Pierre Charles P \\ """ ps
L'Enfant, a French-born architect. L'Enfant - = — e M St
began working on the layout of the city in i e e N\
1791. A map of part of Washington, D.C., is JZ T I A
shown to the right. :; {;—: i_{-; B ‘{;““ Massachusetts Ave.

L] [ w0

L
Mew Jersey Ave.

1. Parallel lines are lines that do not intersect. Identify three pairs of lines formed by the
streets above that appear to be parallel.

2. Line nis called a transversal of lines mand ¢. When a line /
intersects two or more other lines all at different points, the line is a e A =
called a transversal. The transversal is said to “cut” the lines. zﬂf‘k /

. (= | —Fm
How many angles are created when two lines are cut by a A

transversal?

3. Now consider the lines to the right, formed by Rhode Island Avenue (line p),

Massachusetts Avenue (line g), and 9™ Street (transversal 7). A
. ;ﬁ__,-r P
a. We can classify the angles created when two line are cut by ="
a transversal. Four of the eight angles are interior angles, / 4
and the other four angles are exterior angles. \Which four '
angles do you think are the interior angles? Explain how you e _
know. 218
7 E‘?‘“"*\
v r q

b. Which four angles do you think are exterior angles? Explain how you know.



Let's look at some other ways to classify these angles.

4. Two angles are alternate interior angles if they lie A R
between the two lines on opposite (alternate) sides of the R /jﬁ %
transversal. £ 3 and £6 in the figure at the right are | .J;ﬁ’
alternate interior angles. &
Name any other pairs of alternate interior angles given in *"Mw .
the figure. - “gm\

¥ r q

5. Two angles are alternate exterior angles if they lie
outside the two lines on opposite (alternate) sides of the transversal. £ 1 and £ 8 in the
figure above are alternate exterior angles.

Name any other pairs of alternate exterior angles given in the figure.

6. Two angles are corresponding angles if they are on the same A
side of the transversal in corresponding positions. Z1and £5in ’
the figure at the right are corresponding angles. 112 "
M,-«“”g 4
Name any other pairs of corresponding angles given in the figure. "
™ ola
e
ool

7. Use the figure above at the right to answer the following
questions.

Suppose that m 25 = 70° in the figure above at the left.

Whatis m «£6? m«7? m .~/ 8?

a. What do you notice about the measures of 5 and £6?

b. What do you notice about the measures of £5 and £7?

These pairs of angles are called supplementary angles. Supplementary angles always
have a sum of 180°.



c. What do you notice about the measures of # 5 and £ 8?

Angle 5 and £ 8 are examples of vertical angles. Vertical angles always have the same angle
measures.

8. Suppose the m~1 = 115%in the figure to the right. Use this information to find m £ 2,
m < 3, and m £4.

A
ms£2= ms3 = ms£4 = 13-““"'!*5
Tl
9. List all the pairs of supplementary angles formed by lines p N
and gand transversal r. Y,
What is the relationship between the measures of the angles in each pair?
A

10. List all the pairs of vertical angles formed by the lines and the [
transversal. - g
Yr

/

What is the relationship between the measures of the angles in each pair?



11. Look at the two diagrams below.

K’%
w\\\?

k
Diagram1
a) Name a pair of corresponding angles

from Diagram 1.

¢) What do you notice about the measures
of these two angles?

e) Names a pair of alternate interior
angles from Diagram 1.

g) What do you notice about the measures
of these two angles?

i) Names a pair of alternate exterior
angles from Diagram 1.

k) What do you notice about the measures
of these two angles?

cl|ld
r
| Re
« 3\@ >e
516 ‘
Diagram 2

b) Name a pair of corresponding angles
from Diagram 2.

d) What do you notice about the measures
of these two angles?

f) Names of pair of alternate interior
angles from Diagram 2.

h) What do you notice about the measures
of these two angles?

j) Names of pair of alternate exterior
angles from Diagram 2.

1) What do you notice about the measures
of these two angles?

m) Look at your responses for parts (c), (g), (k) and parts (d), (h), (I). What is different about
the responses for Diagram 1 versus the responses for Diagram 2?

n) What is the difference between Diagram 1 and Diagram 2 that would make this happen?



When parallel lines are cut by a transversal, pairs of

angles, pairs of

angles, and pairs of

angles are congruent.

12. Consider the lines below, formed from Rhode Island Avenue (transversal ), 9™ Street
(line ), and 7" Street (line m). Lines ¢ and m are parallel. This is indicated on this
figure by using double arrows. (2*),

Find the missing angle measures. Be ready to explain vv ,
how you got your answers. : i i
A

Y 3 N
515

P by e
§ o

mZ3= mZ4= //5?/

mZ5= m/6= 2llm
iy Ty

msZ7 = m/8=

13. Two lines shown in the figure are parallel cut by a transversal. The measure of £ 1 is

95°. Find the missing angle measures without using a protractor. Be ready to explain
how you got your answers.

mdsZ2= mZ3=
A
- mZ4= m /5=
112_p» "
—Ta mZ6 = m<£7 =
4|3 e
5|6 ¥  mus8=__
.“—F'M_’_?
e &
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NAME: DATE: PERIOD:

Additional Lesson: Angle Yocabulary
w/ Parallel Lines

e
P02 o8

The layout of the streets of Washington, LN o Yors e
D.C., was created by Pierre Charles — " \‘\ = Pt
L’Enfant, a French-born architect. L'Enfant = = M St.
began working on the layout of the city in \ i I N
1791. A map of part of Washington, D.C., is A N\
shown to the right. o 2 = \Messachusetts Ave,

(&5 [ W

Neww Jef’se‘y Ave.

1. Parallel lines are lines that do not intersect. Identify three pairs of lines formed by the

streets above that appear to be parallel.

Yhs ™ qMa e -7 L L

2. Line nis called a transversal of lines /mand ¢. When a line /
intersects two or more other lines all at different points, the line is a e
H 3 w n H A ,—/‘#
called a transversal. The transversal is said to “cut” the lines. 4,« /
: |
How many anglesare created when two lines are cut by a Z/‘if’l“‘: m;

transversal?

3. Now consider the lines to the right, formed by Rhode Island Avenue (line p),
Massachusetts Avenue (line g), and 9™ Street (transversal 7).

a. We can classify the angles created when two line are cut by 1

a transversal. Four of the eight angles are interior angles, ,//‘5 4

and the other four angles-are exterior angles. Which four il
angles do you think are the interior angles? Explain how you T

now. | | 5|5
‘ L%, LY, 45, b | Sk

| C,/

\

They arke ‘inside +he
+wW0 hnes

b. Which four angles do you think are exterior angles? Explain how you know.

L),¢2, ¢71, 8

Lr
Y



Let’s look at some other ways to classify these angles.

4. Two angles are alternate interior angles if they lie
between the two lines on opposite (alternate) sides of the
transversal. «£3 and 6 in the figure at the right are
alternate interior angles.

”\

the figure. i‘; LJ- 4 L g

Name any other pairs of alternate interior angles given in ' \\5
7
L

5. Two angles are alternate exterior angles if they lie

outside the two lines on opposite (alternate) sides of the transversal. £ 1 and £ 8 in the
figure above are alternate exterior angles.

Name any other pairs of alternate exterior angles given in the figure.

L2 427]

6. Two angles are corresponding angles if they are on the same A
side of the transversal in corresponding positions. /1 and £ 5 in
the figure at the right are corresponding angles. 1 2/,//’5
34 |
Name any other pairs of corresponding angles given in the figure. .
L2471, L2340, 55
! é\\"‘“\;&
Lqéég G

7. Use the figure above at the right to answer the following
questions.

Suppose that m 25 = 70° in the figure above at the left.
e

whatism~62 __ 11D me7 1D m /82 709

a. What do you notice about the measures of /5 and £ 6?
add wp 4o 18€D°
b. What do you notice about the measures of ~5 and «7?
add we 4 1gp°

These pairs of angles are called supplementary angles Supplementary angles always
have a sum of 180°.




¢. What do you notice about the measures of #5 and ~ 8?

SO Measuwre

Angle 5 and 8 are examples of vertical angles. Vertical angles always have the same
angle measures.

8. Suppose the m .~ 1 = 115°in the figure to the right. Use this information to find m £ 2,
m«3,and m /4.

o

msZ2= (566 ms/3= éﬁgg ms4 = ﬁg

9. List all the pairs of supplementary angles formed by lines p
and gand transversal r.

(| 4 27 ¢ 44
L) & &5 4 3 4 FAY]

E

LA £

L& v 4l “ _

What is the relationship between the measures of the angles in each pair?

w?ﬂf % iﬁgé’;j i;f%?"’ +o %g‘g@ ’ A

10. List all the pairs of vertical angles formed by the lines and the :
transversal. - g

L) &ty L2 443 |
LS 4 28 t b2 s7]

What is the relationship between the measures of the angles in each pair?

4 } 4 §«g ;
Thuv| nave e
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11. Look at the two diagrams below.

A cl|ld
| 3l4
- -
Y y
Diagram 1 Diagram 2
Name a pair of correspondln% L g Name a pair of correspondmg / W

igles from Diagram 1 igles from Dlagram 2.
o ¢

What do you notice about the
2asures of these two angles?

saie

What do you notice about the
2asures of these two angles?

N, M came
,ﬁ A ;ﬁ{ﬁ%% ti ;‘ .

‘L{{'Lg{f Y éaw‘

Name a pair of alternate interior Name a pair of alternate interior
gles from Diagram 1. L gles from Diagram 2
fgg‘: ;ég l & [ {t,}m {: %%. :&f
What do you notice about the What do you notice about the
2asures of these two angles? 2asures of these two angles7

nok e savne
gw%”; ?{ x‘ ’;o = o i

Name a pair of alternate exterior
igles from Diagram 1.

#

)l 4tk
What do you notice about the

Name a pair of alternate exterior
igles from Diagram 2.

ey, ¢ |44
What do you notice about the

2asures of these two angles? 2asures of these two angles?

an‘(g"g,ﬁp
WL asSu e

) Look at your responses for parts (c), (g), (k) and parts (d), (h), (I). What is different
hout the responses for Diagram 1 versus the responses for Dlagram 2?2 N
yooan J\f wvvaswres are Nyt Ho
A
éef’w"twg e é«%

oy
L4
\e,?;h

' e, WLasiees ace
What is the difference bet\ﬁeen Diagram 1 an Dlagram 2 that Would make this £

ppen? f,ﬁ ﬁfsﬁﬁ % '?M %’2{3§ ‘
gg@{%‘;ﬁ ] ;f % t“ Ve 3’ '




When parallel lines are cut by a transversal, pairs of

(DIYEsSPo ﬁd*ﬁ@ angles, pairs of aernade

1NHY 0 2« angles, and pairs of alrcenate
£X+ V0@~ angles are congruent.

12. Consider the lines below, formed from Rhode Island Avenue (transversal £), 9 Street
(line 1), and 7™ Street (line m). Lines ¢ and m are parallel. This is indicated on this
figure by using double arrows. ().

Find the missing angle measures. Be ready to explain

how you got your answers. _ : }- ' ,;
m 1= 110° m42=_j§fi
mz3=_ W0 _ moa= 10
. ° ==y no
m45=ﬂ_ m46=il

1 ® ey i P
mZzZ7 = %%% m48=___§§}; {y My

13. Two lines shown in the figure are parallel cut by a transversal. The measure of £ 1 is

95°. Find the missing angle measures without using a protractor. Be ready to explain
how you got your answers. '

2 * "*gggs m /4= zﬁgg
05 1|2 Py T =
4|35 mes= 5> per= T
5 ‘é’_,__wy msg= DO
J&—f“"’”'f_gp?




Name Date Class

Skill: Angles and Parallel Lines

----------------------------------------------------------------------------------------------------------------------

Shapes and Designs

In each diagram below, lines L; and L, are parallel lines cut by a transversal.
Find the measure of each numbered angle.
3. L:_T Ly
1‘[2

4. Use the figure below. Is line L, parallel to line L,? Explain how you could use
an angle ruler to support your conjecture.

113 >
&b
) 7|5 _
Ly 6|8 -

38
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Topic 6: Parallel and Perpendicular

for use after The Shapes of Algebra { ln‘\_iestig_at‘i&ﬁ 2

In the diagram below, lines €, m, n, and p are parallel lines. The other two

lines are tramsversals. Angles ACI/ and CEK are in corresponding positions
at the vertices C and E. Each is in the “top-right” or “north-east” position

at their vertices. Because of their corresponding positions, they are called
corresponding angles. Corresponding angles are congruent to each other

if they are formed by a transversal intersecting parallel lines. Angles BAC and

XAY are vertical angles. Vertical angles are always congruent to each other.

When parallel lines are cut by non-parallel transversals, similar triangles
are formed. In this figure, triangle ABC is similar to triangle ADE.
Corresponding sides of these similar triangles form equal ratios.

For example:

length of AC_ length of AB
length of AE length of AD

Exercises

For Exercises 1-6, use the diagram above.

1. a. List five other pairs of vertical angles in the diagram.

b. List five other pairs of corresponding angles in the diagram.
What other segments form equal ratios? Explain.

What angles are congruent to £ CEK? Explain.

What angles are congruent to £ BDJ? Explain.

Why are £ EDL and £BDJ congruent?

o v op W N

What other triangle is similar to triangle ABC? Explain.



For Exercises 7-13, use the diagram below. Lines a, b, and ¢ are parallel.

7. What are the measures of ZPMH and £ x?

What are the measures of ZFGH and L GHF?

9. What is the measure of L PGH?

10.
11.
12.
13.

What is the measure of £y?

What is the length of GP?

What is the measure of £ GFH and Zw?
What is the length of GH?

Remember that lines are parallel if their slopes are equal and lines are
perpendicular if their slopes are negative reciprocals of each other.

Sample Are the lines y = 2x + 8 and 3 = 2x — y parallel?

Rewrite the second equation.

3=2x—y
y+3=2x—y-+y
y+3=2%

y:2x-—3

The slope of this line is 2, which is also the slope of the first line. The slopes
are equal, so the lines are parallel.



Sample Are thelinesy = 2x + 8and 7 = %x — y perpendicular?

Rewrite the second equation.

7=%x—-y
y+7=%x——y+y
y+7=~:1];x

y:%’x—7

The slope of this line is % The slope of the first line is 2. The slopes
are not negative reciprocals of each other, so the lines are not
perpendicular.

Determine whether each pair of lines is parallel, perpendicular, or
neither.

14. y=5x -7 15. y =x - 05
y+5x =12 y+x =025
1 3 —

16. y =35x — % 17. 2y = 6x — 72
,w%'x:g y—3)(,=15

18. y + x =12 19. 5x —y =12

y—x=12 S5y +x =35



At a Glance

e

Topic 6: Parallel and Perpendicular

Mathematical Goals

s

PACING 1 day

@ Investigate parallel and perpendicular algebraically and geometrically
@ Apply properties of angle pairs formed by parallel lines and transversals

# Understand properties of the ratio of segments when parallel lines are cut
by transversals

i

[ Guided Instruction |

The terminology of corresponding angles and vertical angles may be new to
students. Corresponding angles are congruent only if they are formed by a
transversal intersecting parallel lines. If they are formed by a transversal
intersecting non-parallel lines, then the corresponding angles are not
cougruent. Vertical angles are always congruent. Students use these facts to
identify pairs of congruent angles. Before students begin to solve the
exercises, you may want to help students remember what they know about
proportional reasoning and similar triangles.

Because angles are named with triads of letters, many of the angles in the
figure on the first page have multiple names. The letter representing the vertex
of the angle will be the same for each of the names. For example, Z GAC can
also be named LGAE and ZGAM. The answers given below use only one
name for each angle. Students may use different names for the angles.

Students may have some difficulty identifying five pairs of vertical and
corresponding angles in Exercise 1. You may want to ask students to work
with a partner or in small groups to find all of these pairs of angles. One
strategy that may help students find corresponding angles is to imagine that
one of the transversals is removed from the figure. Students might actually
cover up one of the transversals with a finger.

For the topic introduction, ask:

@ What does perpendicular mean?

# What does parallel mean?

& Can you name angles ACI or CEK in more than one way?
® What does it mean for ratios to be equal?

@ Suppose that one of the transversals is removed. Is it easier to find pairs
of corresponding angles?

For the section after Exercise 13, ask:
@ What are negative reciprocals?
@ What is the slope of a line?

" Materials
% Labsheet 6.1

Vocabulary
% transversals

% corresponding
angles

@ vertical angles




Assignment Guide for Topic 6

Core 1-19

Answers to Topic 6

Exercises

1. a. Any five of the following will do:

/£ XAY and £BAC, £ XAF and LGAC,
L YAG and LFAB, LACB and £ICE,

£ ACI and £BCE, LABC and £LHBD,
LABH and £CBD, £ CEK and £ DEM,
/KEM and £CED, /BDE and £JDL,
/BDJ and £ LDE

b. Any five of the following will do:
£LXAG and LACI, L XAG and £LCEK,
LACI and £CEK

LYXA and LGAC, LYXA and 2ICE,
LYXA and LKEM, L/ GAC and £ICE,
£/ GAC and LKEM, /ICE and £LKEM

£LXAF and LACB, L XAF and LCED,
£LACB and LCED

£LFAC and £LBCE, LFAC and £DEM,
£BCE and LDEM

£ YAG and £LABC, /. YAG and £BDE,
LABC and ZBDE

/GAB and £CBD, /GAB and £LEDL,
/CBD and LGAB

/XYA and LFAB, / XYA and ZHBD,
/XYA and £JDL, /FAB and ZHBD,
L FAB and £JDL, /HBD and ZJDL

L YAF and £LABH, L YAF and £ZBDJ,
/ABH and £BDJ

2. Proportions can be written in multiple ways,

so the answers below are samples.

AX :XY = AC:CB = AE :ED

AY : XY = AB:BC = AD :DE

AX :AY = AC: AB = AE : AD
Corresponding parts of similar triangles are
congruent. The transversals create three
similar triangles: triangle AXY, triangle ACB,
and triangle AED.

. LCEK is congruent to LACI and £ XAG
(corresponding angles), and ZDEM, £ BCE,
and £ FAC (vertical angles for the first three
angles).

£BDJ is congruent to ZABH and L YAF
(corresponding angles), and LEDL, ZCBD,
and ZGAB (vertical angles for the first three
angles).

5. They are vertical angles.

6. Triangle AED is similar, because the angles

are congruent. Triangle AY X is similar,
because the angles are congruent.

7. LPMH is 47°, £ x is 65°.
8. LIGH is 65°, LGHF is 47°.

10.
11.

12.
13.
14.
15.

16.
17.
18.

19.

£LPGH is 115°.

Ly is 133°

GP is 8 cm. Note: AFGH ~ AFPM and the
scale factor is 3.

£LGFH is 68°, Zw is 68°.

51cm

Neither; the slopes are +5 and —5.
Perpendicular; the slopes are +1 and —1
(negative reciprocals).

Parallel; the slopes are % and % (equal).
Parallel; the slopes are 3 and 3 (equal).
Perpendicular; the slopes are 1 and —1
(negative reciprocals).

Perpendicular; the slopes are 5 and

—% (negative reciprocals).



Name

Labsheet 6.1

Exercises 8-14

Date

Class
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& ou learned about angles and angle measure in Investigations 1 and 2.
What you learned can help you figure out some useful properties of the
angles of a polygon. Let’s start with the sum of the measures of all the
inside angles at the vertices of a polygon. This sum is called the angle sum
of a polygon.

Angle Sxxms of Regular @dlyg@ns

Below are six regular po]ygoné tquat:are already farﬂiﬁar ﬂto you.

What is the angle sum of each figure?

Do you see a pattern relating the number of sides to the angle sum?

54 Shapes and Designs



Problem |

A.

Angle Sums of Regular Polygons

1. In Problem 2.3, you measured the angles of some regular

polygons—triangles, squares, and hexagons. Record the number m i }W - - a

of sides, the angle measures, and the angle sum of a triangle, For: Angle Sum Activity

square, and hexagon in a table like the one below. Visit: PHSchool.com
Web Code: amd-3301

Polygon Number of Sides Measure of an Angle | Angle Sum

Triangle

Square

Pentagon

Hexagon

Heptagon

Octagon

Nonagon

Decagon

2. Measure an angle of the regular pentagon and regular octagon from
your Shapes Set. Record the measures of the angles and the angle
sums in your table. What patterns do you see?

3. Use your patterns to fill in the table for a regular polygon with
seven, nine, and ten sides.

. Below are two sets of regular polygons of different sizes. Do the same

patterns relating the number of sides, the measures of the angles, and
the angle sums apply to these shapes? Explain.

VAN

[]

. Describe how you could find the angle sum of a regular polygon that

has N sides.

Homework starts on page 62.

investigation 3 Polygon Properties and Tiling

N

55



Angle Sums of Regular Polygons

e
Trnmpn®

Goals

¢ Find angle sums of regular polygons

¢ Determine relationships between the number of
sides and the angle sum of a regular polygon

Remind students what a regular polygon is.

= In Investigation 1, you experimented with the
six regular polygons shown in your books.
Someone remind us what a regular polygon is.
(A regular polygon is one in which all sides
are the same size and all angles are the same
size.)

Take a few suggestions, and clarify them until
their definition is correct.

¢ In Investigation 1, you were trying to find out
which of these shapes would fit together nicely
like tiles on a floor. You want to continue to
think about these regular polygons by
investigating the size of their angles and what
happens to the measures of the angles as the
number of sides increases. The sum of the
angles of a polygon is called the “angle sum.”

Students should naturally understand that the
angles being discussed are the angles “inside” the
polygon, or interior angles. Interior angle is a term
that is not necessary at this point and will formally
be introduced in Problem 3.4.

Suggested Questions Put up Transparency 3.1A
or refer to the textbook.

& Which polygon has angles that appear to be
the smallest?

= Which polygon has angles that appear to be
the largest?

These questions are asking students to make
informal observations about the sizes of the
interior angles without using measuring tools.
They should be able to answer these questions
from their exploration in Problem 2.3. At this
point, students should be able to see that the size
of the interior angles increases as the number of

(Explore

sides increases. One way to help struggling
students see this is to demonstrate at the
overhead projector how the sizes of the angles
compare by placing one shape on top of another.
Arrange the students in groups of 2 and 3.

During this time, students can begin by entering
the data they collected in Problem 2.3. They
should continue measuring and recording
measurements of a regular pentagon and octagon.

For students who see the patterns quickly, ask
them to make a general rule. Some may even be
ready to use symbols. Have the students use their
rule to find the angle sums for a polygon with
seven, nine, and ten sides.

( Summarize §

Display Transparency 3.1 A. With input from the
class, fill in the missing information. Accept,
record, and then discuss all answers.

For example, many students will have angle
measures that are close to the actual measures but
not exact. Some students may disagree with the
measurements others give.

Classroom Dialogue Model

One teacher handled the disagreement on angle
measures in the following manner:

Teacher I have listed the names of the five
regular polygons you had to measure.
For the triangle, what numbers do you
have to fill in the next three columns?
Does anyone have anything different?

When a group answered yes, the teacher also
recorded its numbers in the appropriate columns.
For example, one group said the pentagon has five
sides and each angle measures 100°, for a total of
500°. Another group said that the pentagon has
five sides and each angle measures 108° for a total
of 540°. The teacher listed both of these groups’
answers and continued to collect information on

Investigation 3  Polygon Properties and Tiling

63

NOILYDILS3IANI



the remaining polygons. When the chart was
complete, she started to question the data.

Teacher Why do we have different answers when
we all measured the same angles? Does
anyone have a suggestion for how we
might resolve the angle measures we
disagree on?

In this class, many students suggested
measuring the interior angles again. This resulted
in some of the measures being eliminated from
the chart. However, some students had given
smaller angle measurements for octagons than
hexagons.

Teacher Look at all the answers that are now
recorded on the chart. Are there any that
don’t seem reasonable?

Students argued for elimination of some of the
measures. The teacher only removed numbers
from the chart when students had given a
mathematical reason for eliminating them.

Teacher What patterns do you notice in the way
the size of the angles is increasing?
What patterns do you notice in the way
the size of the angle sum is increasing?

Some students noticed that the angle sum
seemed to be increasing by about 180° with each
additional side. As a result, more numbers were
eliminated from the chart because they did not fit
the pattern. The teacher continued with the
discussion until the class had arrived at the correct
measurements. See Figure 1 below.

The teacher then tried to extend their thinking
by asking if-then questions:

Teacher If a regular polygon has twenty sides,
what will be the sum of all the angles in

that polygon? Explain why your answer
makes sense.

If a regular polygon has twenty sides,
each angle must have how many
degrees? Explain.

If you gently encourage students to make
observations about patterns in the chart, some
may look at the angle sums and observe the
relationship to the triangle’s 180° angle sum. You
may have a student who extends this relationship
by noticing that a square contains two triangles
(by drawing one diagonal, 180° - 2 = 360°), a
pentagon contains three triangles (by drawing two
diagonals from one vertex, 180° - 3 = 540°), and
so on. This will be useful for the Launch to
Problem 3.2. If students are not ready, it’s not
necessary to force the issue now.

Question B tries to expand the ideas students
have just developed. Students are asked to
consider what happens to the angles of regular
polygons when the lengths of the sides change.
They measure the angles of the set of regular
triangles and regular quadrilaterals and observe
that they remain the same regardless of side
length. The larger figures are similar to the
smaller figures. In similar figures, angles are the
same. These ideas are developed more fully in
Stretching and Shrinking.

This is a good time to reinforce that changing a
side length does not affect the size of an angle. An
equilateral triangle is the easiest to use. Put three
different ones on the overhead and ask about
their angle measures and side lengths. Repeat this
for one or two other polygons. Point out that two
polygons with the same number of sides and equal
corresponding angles are not necessarily
congruent (same shape, same size).

Figure 1

Polygon | Number of Sides | Measure of an Angle |-Angle Sum
Triangle 3 60° 180°
Square 4 90° 360°
Pentagon 5 108° 54¢°
Hexagon 6 120° 720°
Heptagon 7 128.6° 900°
Octagon 8 135° 1,080°
Nonagon 9 140° 1,260°
Decagon 10 144° 1,440°

Shapes and Designs



Angle Sums of Regular Polygons

PACING 1 day

Mathematical Goals

# Find angle sums of regular polygons

]
]

# Determine relationships between the number of sides and the angle sum
of a regular polygon

S
| Launch | :
i i Materials
Remind students what a regular polygon is.
) z Transparency 3.1A
& We call the sum of the interior angles of a polygon the “angle sum.” and 3.1B
Arrange six regular polygons on the overhead or refer to the textbook. € Overhead Shapes Set
. 2 (Transparency 1.1E)
@ Which polygon has angles that appear to be the smallest:
» Which polygon has angles that to be the largest? * Blank transparendies
2 ich polygon has angles that appear to be argest!
poE & PP . ) g . @ Overhead markers
Make sure that students see that the size of the interior angles increases
as the number of sides increases. Demonstrate at the overhead projector Vocablulary
how the sizes of the angles compare by placing one shape on top of ® angle sum )
another. Arrange students in groups of 2 and 3. . A
| Explore |
T , L . [ Materials
During this time, students begin by organizing the data they collected in | o Student data from
Problem 2.3. They should continue measuring and recording measurements Problem 2.3
of a regular pentagon and octagon. « Angle rulers
For students who see the patterns quickly, ask them to make a general & Shapes Sets
rule. Some may even be ready to use symbols. Have the students use their %\; (1 per group) J
rule to find the angle sums for a polygon with seven, nine, and ten sides. o
| Summarize
B ' Materials
Display Transparency 3.1A. Accept and record all student answers on the
. . . ¢ Student notebooks
chart. Some students may disagree with the measurements others give.

When the chart is complete, you may want to question the data.
@ Why do we have different answers when we all measured the same
angles? How might we resolve the angle measures we disagree on?
= Look at all the answers that are now recorded on the chart. Are there
any that don’t seem reasonable?

Remove numbers from the chart when students have given a
mathematical reason for eliminating them.

= What patterns do you notice in the way the size of the angles is

increasing? What patterns do you notice in the way the size of the angle
sum is increasing?

Continue with the discussion until the class arrives at the correct
measurements. See the extended Summarize for more details and questions.

continued on next page

Investigation 3  Polygon Properties and Tiling 65



( Summarize |

/ continued

Put three different-sized equilateral triangles on the overhead and :
ask about their angle measures and then about the side lengths. Repeat |
this for one or two other polygons. Point out that two polygons with the
same number of sides and equal corresponding angles are not
necessarily identical.

ACE Assignment Guide number of sides. They should also notice

for Problem 3.1 istruction that, starting from the triangle, the angle

Core 1.2 for All Lesmers sum increases by 180° with each additional
ore 1-

side. The angle measure increases by less as

Other Connections 15-16 (angle ruler needed for the number of sides goes up.

15), Extensions 21
B. Students should conclude that the length of

the sides in the sets of similar polygons has no
effect on the angle sum or the measure of the
interior angles.

Adapted For suggestions about adapting
Exercise 2 and other ACE exercises, see the
CMP Special Needs Handbook.

C. If the number of sides is NV, then the angle
Answers to Problem B.1 sum of the polygon is N — 2 times 180°. Or:
Angle Sum = 180°(N — 2).

A. 1. and 3. After part (3), the completed table
should look like Figure 2.

2. Students should notice that the measure of
the interior angles increases with the

Figure 2 Polygon | Number of Sides | Measure of an Angle | Angle Sum
Triangle 3 60° 180°
Square 4 90° 360°
Pentagon 5 108° 540°
Hexagon 6 120° 720°
Heptagon 7 128.6° 9200°
Octagon 8 135° 1,080°
Nonagon 9 140° 1,260°
Decagon 10 144° 1,440°
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Angle Sums of Any Polygon

&
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EKS/TAKS

apply to all polygons?

bing Ready for Problem

Suppose you tear the three corners off of a triangle. You can arrange them this way:

& Based on the picture, what is the sum of angles 1,2, and 3? How do you know?

# Make a conjecture about the angle sum of any triangle.

You could do the same thing with a quadrilateral.

# Based on the picture, what is the sum of angles 1,2, 3, and 4? How do you know?

¢ Make a conjecture about the angle sum of any quadrilateral.

Do similar patterns hold for other polygons?

Problem Angle Sums of Any Polygon

Tia and Cody claim that the angle sum of any polygon is the same as the
angle sum of a regular polygon with the same number of sides. They use
diagrams to illustrate their reasoning.

Shapes and Designs



A. Tia divides polygons into triangles by drawing all the diagonals of the
polygons from one vertex, as in the diagrams below:

-
-
-
.
s
-
-,
-
-~
s
-
z ¥

1. Study Tia’s drawings. How can you use Tia’s method to find the
angle sum of each polygon?

2. Copy these three polygons. Use Tia’s method to find the angle sum
of each polygon.

S =

3. Does Tia’s method work for any polygon? Explain.

B. Cody also discovered a method for finding the angle sum of any
polygon. He starts by drawing line segments from a point within the
polygon to each vertex.

. =
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- ~
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1. Study Cody’s drawings. How can you use Cody’s method to find the
angle sum of each polygon?

2. Copy the three polygons from Question A part (2). Use Cody’s
method to find the angle sum of each polygon.

3. Does Cody’s method work for any polygon? Explain.

C. In Problem 3.1, you found a pattern relating the number of sides of a
regular polygon to the angle sum. Does the same pattern hold for any
polygon? Explain.

A0C= Homework starts on page 62.

Investigation 3 Polygon Properties and Tiling
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Angle Sums

Polygon Number Angle Sum Using Angle Sum Using Aﬁgle Sum
of Sides Tia’s Method Cody’'s Method
Triangle 3
Quadrilateral 4
Pentagon 5
Hexagon 6
Heptagon 7
Octagon 8
Nonagon 9
Decagon 10
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Angle Sums of Any Polygon

et

Goals

¢ Develop informal arguments for conjectures
about the relationship between the number of
sides and the angle sum of any polygon

¢ Find angle sums of any polygon

Students use their knowledge of 180° and 360°
to find the sum of the angles of a polygon. In the
Getting Ready for Problem 3.2, we start with a
triangle and determine that any triangle has an
angle sum of 180°. We then look at a quadrilateral
and determine that any quadrilateral has an angle
sum of 360°. Then they use what they know about
the angle sum of a triangle to find the angle sum
of other polygons by subdividing the polygon into
non-overlapping triangles.

(Launch

Suggested Questions Begin by asking students
whether or not they think the angle sum formula
or pattern for regular polygons they developed in
Problem 3.1 will hold for polygons in general.

= Do you think the angle sum of any triangle is
180°? How can you check?

Draw a triangle on a sheet of paper or a
transparency and label each angle 1, 2, and 3.
After cutting out the triangle, tear (or cut) off all
three angles and arrange the angles around a
point on another sheet of paper or on the
overhead.

¢ What do you observe about the sum of the
angles of the triangle?
(Since the three angles form a straight line,
the sum of the angles is 180°.)

Repeat the experiment with different shaped
triangles.

& Based on your experiments, what is the angle
sum of any triangle? (180°)

= What if this experiment were repeated for a
quadrilateral? Can you predict the sum of the
angles of the quadrilateral?

Draw a quadrilateral on a sheet of paper or a
transparency and label each angle 1, 2, 3, and 4.
After cutting out the quadrilateral, tear (or cut)
off all four angles and arrange the angles around a
point on another sheet of paper or on the
overhead.

%

= Based on the picture, what is the sum of angles
1,2, 3, and 4? How do you know? (360°,
because the angles fit around a point.)

@ Make a conjecture about the angle sum of any
quadrilateral. (The angle sum of any
quadrilateral is 360°.)

= Do similar patterns hold for other polygons?
(Students may predict that the angle sums
match the results they got in Problem 3.1.)

Some students may need to be reminded that
the sum of the angles around a point is 360°.

¢ Now describe both Tia’s and Cody’s method
for finding the sum of the angles of a polygon
with sides greater than three. You could have
half the students analyze one method and the
others analyze the other method. In
summary, a person from each group would
present the argument for the reasoning in the
method they explored. You could also assign
one for the class to work on in class and then
assign the other for homework.

Arrange the students into groups of 2 and 3.

Investigation 3 Polygon Properties and Tiling
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Students should begin exploring Tia’s method. If
they are having trouble understanding Tia’s
drawings, remind them that the angle sum of
every triangle is 180°.

For students having a hard time seeing that the
sum of the angles of a polygon is equal to the sum
of the angles in the (N — 2) triangles, you can
suggest numbering the angles of the triangles in
Tia’s method.

A similar numbering method may also help
with Cody’s method. Some students may need to
be reminded that the sum of the angles around a
point is 360°.

For students who see the patterns quickly, ask
them to make a general rule. Ask how their
answers compare to their answers to Problem 3.1.

" Summarize

Have someone explain each method. Be sure the
class understands the explanations. Let them ask
questions.

Suggested Questions

= Are the angle sums of these polygons the same
as the angle sums for regular polygons with
the same number of sides? (Yes.)

¢ What about the measure of each interior
angle?
(No, because in a regular polygon each
interior angle has the same size, and in these
polygons, the angles are not necessarily the
same size.)

Shapes and Designs

Suggested Questions Ask the class:

& What is the angle sum of a 12-sided polygon?
A 100-sided polygon?
(A 12-sided polygon has an angle sum of
1,800° and a 100-sided polygon has an angle
sum of 17,640°.)

& What is the angle sum of any polygon with N
sides? (180° X (N — 2))

= Use the rule to find the angle sum of a
polygons with 50 sides. (8,640°)

Here is an example:

For cach shape you can use either method. For
the hexagon using Cody’s method:
180° X 6 — 360° = 1,080° — 360° = 720°.

For the pentagon using Tia’s method:
(N —2)x180° = (5§ — 2) X 180° =
N is the number of sides.

You can modify the chart in Problem 3.1 so
that students see that the angle sum of any
polyhedron is 180° X (N — 2). Use this chart to
launch the next problem.

540°, where



Angle Sums of Any Polygon

Mathematical Goals

# Develop informal arguments for conjectures about the relationship
between the number of sides and the angle sum of any polygon

% ¢ Find angle sums of any polygon

g’%ﬂv s

(Launch

/
oo

o . Materials
Ask students whether or not they think the angle sum formula or pattern

1 i 1 i 1.
for regular polygon‘s will hold for po ygor%s in genera « Overhead Shapes Set
= Do you think the angle sum of any triangle is 180°? How can we check? (Transparency 1.1E)
Draw a triangle on a sheet of paper or a transparency and label each & Construction paper
angle 1,2, and 3. After cutting out the triangle, tear (or cut) off all three and scissors

angles and arrange the angles around a point on another sheet of paper or
on the overhead.

# Transparency 3.2

¢ What do you observe about the sum of the angles of the triangle?
Repeat the experiment with different shaped triangles.

¢ Based on your experiments, what is the angle sum of any triangle?
« What if this experiment was repeated for a quadrilatreral?

¢ Can you predict the sum of the angles of the quadrilateral?

Draw a quadrilateral on a sheet of paper or a transparency and label
each angle 1,2, 3, and 4. After cutting out the quadrilateral, tear (or cut) off
all four angles and arrange the angles around a point or on the overhead.

# Based on the picture, what is the sum of angles 1, 2, 3, and 4? How do
you know?

= Make a conjecture about the angle sum of any quadrilateral.

= Can you predict the sum of the angles of a pentagon? A hexagon? Any
N-sided polygon?

Describe Cody and Tia’s methods for finding the angle sum of a polygon.
Arrange the students into groups of 2 and 3.

e~

ore

(Expl

A N’

' Materials
# Labsheet 3.2

# Shapes Sets
(1 per group)

Students should begin exploring Tia’s method. You may need to remind
students that the angle sum of every triangle is 180°, and that the sum of the
angles around a point is 360°. For students having a hard time seeing that
the sum of the angles of a polygon are equal to the sum of the angles in the
(N — 2) triangles, you can suggest numbering the angles of the triangles in
Tia’s method. For students who see the patterns quickly, ask them to make a
general rule. Ask how their answers compare to their answers to )
Problem 3.1.

continued on next page
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| Summarize

~/ continued

Have someone explain each method.

& Are the angle sums of these polygons the same as the angle sums for
regular polygons with the same number of sides?

# What about the measure of each interior angle?

Ask the class:

¢ What is the angle sum of a 12-sided polygon? A 100-sided polygon?

What is the angle sum of any polygon with N sides?

Materials
# Student notebooks

it

ACE Assignment Guide
for Problem 3.2

Core 3-6,9

Other Applications 7, 8, 10; Connections 17,

Extensions 22-24; unassigned choices from
previous problems

for Al Learners

Adapted For suggestions about adapting ACE
exercises, see the CMP Special Needs Handbook.

Answers to Problem 3.2

A. 1. By drawing diagonals from a vertex of the
polygon, Tia sectioned off triangles inside
the polygon. The number of triangles
created inside the polygon is always two
less than the number of sides of the
polygon. Since the sum of the angles of a
triangle equals 180°, the sum of the angles
of a polygon is the number of triangles
drawn inside times 180°, or (two less than
the number of sides) times 180°.

2. The angle sum of the pentagon is 540°, the
angle sum of the quadrilateral is 360°, and
the angle sum of the octagon is 1,080°.

3. Yes. When you draw diagonals from a
vertex of a polygon you get triangles, whose
angles sum to 180° times the number of

70 Shapes and Designs

1

triangles. If you use this mathematical
statement:

(Number of sides of polygon — 2) x 180°,
you will get the angle sum of the polygon.
This is consistent with what we learned
about regular polygons.

Cody drew line segments from a point
inside of each polygon to all of its vertices,
thereby forming triangles inside the
polygon. He then discovered that if you
multiplied the number of triangles by 180°
(finding the total angle measurements of all
the triangles created), and subtracted 360°
from this sum (for the angles around the
interior point that are not part of the
polygon’s angles), the result is the sum of
the interior angles of the original polygon.

. The angle sum of the pentagon is 540°, the

angle sum of the quadrilateral is 360°, and
the angle sum of the octagon is 1,080°.

. Yes. We could use this mathematical

statement:
(Number of triangles) X 180° — 360° to
get the angle sum of the polygons.

C. Yes. The angle sum of a regular polygon with
N sides is the same as the angle sum of any
polygon with N sides.
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Additional Practice

B

X 120°

Investigation 3

-------------------------------------------------------------------------------------------------------------------

Shapes and Designs

. An isosceles triangle has two 50° angles. What is the measure of the third

angle? Explain how you found your answer.

. One angle of an isosceles triangle measures 100°. What are the measures of

the other two angles? Explain your reasoning.

. Two of the angles of a parallelogram each measure 75°. What are the measures

of the other two angles? Explain your reasoning,.

. One angle of a parallelogram measures 40° and another angle measures 140°.

What are the measures of the other two angles? Explain how you found your
answer.

. Can a parallelogram have two 45° angles and two 75° angles? Why or why not?

. Fc cach of the shapes below, find the unknown angle measure without using

your angle ruler.

a. /oo X b.
135°

c. d.w |
%
E <%

39



Name Date Class
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Find the measure of each angle labeled x.

1. 2. 3.

4. 5. 6. <3p°
74°

X 53° 807

7. \7r 18° 8.

108° X

Find the measure of angle 1 in each figure.

10. : 11.

12.

13. 14. 15.

36° 510N\ N
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